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q  Color	  confinement:	  

QCD	  –	  Unprecedented	  intellectual	  challenge	  

“Cross	  sec)on”	  with	  iden)fied	  hadron(s)	  is	  NOT	  perturba)vely	  calculable	  
<latexit sha1_base64="lXLJHiP8dOnFa7YRfEKagvfKnhM=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0WoUEpSFD0WvHgRWrQf0Iaw2W7apbtJ2N2IpfSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822trW9sbm3ndvK7e/sHh/ZRoaXiVBLaJDGPZSfAinIW0aZmmtNOIikWAaftYHQz89uPVCoWRw96nFBP4EHEQkawNpJvF3qKDQQu3Zfv/Ea54atz5NtFp+LMgVaJm5EiZKj79levH5NU0EgTjpXquk6ivQmWmhFOp/leqmiCyQgPaNfQCAuqvMn89ik6M0ofhbE0FWk0V39PTLBQaiwC0ymwHqplbyb+53VTHV57ExYlqaYRWSwKU450jGZBoD6TlGg+NgQTycytiAyxxESbuPImBHf55VXSqlbcy4rTuCjWqlkcOTiBUyiBC1dQg1uoQxMIPMEzvMKbNbVerHfrY9G6ZmUzx/AH1ucP4smS/A==</latexit>

�(S,MQ, Qs) is	  NOT	  perturba)ve	  no	  maXer	  how	  large	  	  	  	  	  is!	  
<latexit sha1_base64="dGCiyk57vTEfhqRo+GaOSGJWh1g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48t2lpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTjm5n/8IRK81jem0mCfkSHkoecUWOl5l2/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVbd5kWlXsvjKMIJnMI5eHAFdbiFBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPqqeMyw==</latexit>

S

With	  the	  hadronic	  scale:	  
<latexit sha1_base64="Lt41OVLzm7ppD1V/EgYVdtFoeIA=">AAACA3icbVDLSgMxFM34rPU16k43wSK4KjNF0WWhLly4aME+oDMMmUymDU0yQ5IRylBw46+4caGIW3/CnX9j2s5CWw8EDufcw809Ycqo0o7zba2srq1vbJa2yts7u3v79sFhRyWZxKSNE5bIXogUYVSQtqaakV4qCeIhI91w1Jj63QciFU3EvR6nxOdoIGhMMdJGCuzjVqCgpyiH3p1JRSjIPclhq3EzCeyKU3VmgMvELUgFFGgG9pcXJTjjRGjMkFJ910m1nyOpKWZkUvYyRVKER2hA+oYKxIny89kNE3hmlAjGiTRPaDhTfydyxJUa89BMcqSHatGbiv95/UzH135ORZppIvB8UZwxqBM4LQRGVBKs2dgQhCU1f4V4iCTC2tRWNiW4iycvk06t6l5WndZFpV4r6iiBE3AKzoELrkAd3IImaAMMHsEzeAVv1pP1Yr1bH/PRFavIHIE/sD5/AKFEltI=</latexit>

Qs ⇠ ⇤QCD

Probability	  to	  “catch”	  the	  parton!	  

P

Boost	  =	  6me	  dila6on	  

q  Hard	  probe	  (t	  ~	  1/Q	  <<	  fm):	  

q  Asympto)c	  freedom:	  

Perturba)ve	  QCD	  could	  work	  for	  dynamics	  at	  short-‐distance:	  	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  with	  a	  large	  momentum	  transfer:	  	  	  	  	  	  	  	  	  	  	  	  	  	  and	  	  	  

<latexit sha1_base64="2yfpGn17xFyTG88nrNBTzxJJyyU=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuCpJUXRZcOOyRXuBNoTJdNIOnUnCzIkQQn0VNy4UceuDuPNtnLZZaOuBgY//P4dz5g8SwTU4zrdV2tjc2t4p71b29g8Oj+zjk66OU0VZh8YiVv2AaCZ4xDrAQbB+ohiRgWC9YHo793uPTGkeRw+QJcyTZBzxkFMCRvLt6j0ejsH4ErcNjXHb175dc+rOovA6uAXUUFEt3/4ajmKaShYBFUTrgesk4OVEAaeCzSrDVLOE0CkZs4HBiEimvXxx/AyfG2WEw1iZFwFeqL8nciK1zmRgOiWBiV715uJ/3iCF8MbLeZSkwCK6XBSmAkOM50ngEVeMgsgMEKq4uRXTCVGEgsmrYkJwV7+8Dt1G3b2qO+3LWrNRxFFGp+gMXSAXXaMmukMt1EEUZegZvaI368l6sd6tj2VrySpmquhPWZ8/Js+TwA==</latexit>

S & Q � Qs
<latexit sha1_base64="UIaM4/K798aTELbUsoOl+YoPM/I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2RyUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlW966rbvKrUa3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBp5+MyQ==</latexit>

Q
<latexit sha1_base64="erl9hAFgIaNFUzjHBtG1BP0aFO0="></latexit>

�(Q,S,MQ, Qs) = �LP(Q,S,MQ, Qs)⇥

1 +O

✓
Qs

Q

◆n

+ ...

�

<latexit sha1_base64="62qKPPeBmEbkNf3ULYDIkcv6hy0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4qklR9Fjw4rFF+wFtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfju5nffuLaiFg94iThfkSHSoSCUbTSg3fZ6JfKbsWdg6wSLydlyFHvl756g5ilEVfIJDWm67kJ+hnVKJjk02IvNTyhbEyHvGupohE3fjY/dUrOrTIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4a2fCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tO0YbgLb+8SlrVinddcRtX5Vo1j6MAp3AGF+DBDdTgHurQBAZDeIZXeHOk8+K8Ox+L1jUnnzmBP3A+fwCDiY09</latexit>

1/Q



q  Factoriza)on	  –	  Approxima)on:	  

Factoriza)on	  –	  Predic)ve	  Power	  

e	   p	  

�DIS(x,Q
2) =

2	  

Leading	  non-‐perturba)ve	  hadronic	  informa)on	  is	  factorized	  into	  universal	  func)ons	  

Ex:	  	  Single	  iden)fied	  hadron	  –	  lepton-‐hadron	  DIS:	  	  

bT

kT
xp

bT

kT
xp

Power	  correc)ons	  
Approxima6on!	  

Factoriza)on	   Parton-‐distribu)on	  
Structure	  

Hard-‐part	  
Probe	  

⊗xP,	  kT	  ⇡ 1/Q !

The	  way	  out:	  

<latexit sha1_base64="TkvJiQarlAA7q50LCnXHDPxBZCw=">AAACEHicbVDLSgMxFM3UV62vqks3wSJWhDJTFF0W3LizBfuAzlgyaaYNzWSG5I5QhvkEN/6KGxeKuHXpzr8xfSy0eiBwOOdcbu7xY8E12PaXlVtaXlldy68XNja3tneKu3stHSWKsiaNRKQ6PtFMcMmawEGwTqwYCX3B2v7oauK375nSPJK3MI6ZF5KB5AGnBIzUKx6fujh1KRH4JnMFC6DsBorQtNHTWdrIXMUHQzi5M8mSXbGnwH+JMyclNEe9V/x0+xFNQiaBCqJ117Fj8FKigFPBsoKbaBYTOiID1jVUkpBpL50elOEjo/RxECnzJOCp+nMiJaHW49A3yZDAUC96E/E/r5tAcOmlXMYJMElni4JEYIjwpB3c54pREGNDCFXc/BXTITGFgOmwYEpwFk/+S1rVinNesRtnpVp1XkceHaBDVEYOukA1dI3qqIkoekBP6AW9Wo/Ws/Vmvc+iOWs+s49+wfr4BkoBnLk=</latexit>
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✓
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Q
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<latexit sha1_base64="KT0gMOmAR4x35abm+NQ7RyyDLYs="></latexit>

�DIS(x,Q
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<latexit sha1_base64="kaynD5ZI0VY0GbPTYcKdYSa0SzM=">AAACDnicbZDLSgMxFIYz9VbrrerSTbAUKpQyUxRdFnSh4KJF2wq9DJk0bUOTzJBkxDLME7jxVdy4UMSta3e+jem0C239IfDxn3M4Ob8XMKq0bX9bqaXlldW19HpmY3Nreye7u9dQfigxqWOf+fLOQ4owKkhdU83IXSAJ4h4jTW90Pqk374lU1Be3ehyQDkcDQfsUI20sN5tvKzrgyI3aksOLq5u4m9B1NS48FGvdcrHmqiPoZnN2yU4EF8GZQQ7MVHWzX+2ej0NOhMYMKdVy7EB3IiQ1xYzEmXaoSIDwCA1Iy6BAnKhOlJwTw7xxerDvS/OEhon7eyJCXKkx90wnR3qo5msT879aK9T9s05ERRBqIvB0UT9kUPtwkg3sUUmwZmMDCEtq/grxEEmEtUkwY0Jw5k9ehEa55JyU7NpxrlKexZEGB+AQFIADTkEFXIIqqAMMHsEzeAVv1pP1Yr1bH9PWlDWb2Qd/ZH3+AN4qmqI=</latexit>

�

LP
DIS(x,Q

2
, Qs)

q  Factoriza)on	  –	  Predic)ve	  power:	  
Factorized	  non-‐perturba)ve	  informa)on,	  e.g.,	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  is	  universal,	  
Controllable	  power	  correc)ons,	  …	  

<latexit sha1_base64="jyRKN/cEnHQP6LXwLbfov0pI0/U=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0WoICUpii4LblxWsA9oY5hMJ+3QmUmYh1hDv8SNC0Xc+inu/BunbRbaeuDC4Zx7ufeeKGVUac/7dlZW19Y3Ngtbxe2d3b2Su3/QUomRmDRxwhLZiZAijArS1FQz0kklQTxipB2Nrqd++4FIRRNxp8cpCTgaCBpTjLSVQrfUS4c0jCuPZz1u7munoVv2qt4McJn4OSmDHI3Q/er1E2w4ERozpFTX91IdZEhqihmZFHtGkRThERqQrqUCcaKCbHb4BJ5YpQ/jRNoSGs7U3xMZ4kqNeWQ7OdJDtehNxf+8rtHxVZBRkRpNBJ4vig2DOoHTFGCfSoI1G1uCsKT2VoiHSCKsbVZFG4K/+PIyadWq/kXVuz0v12t5HAVwBI5BBfjgEtTBDWiAJsDAgGfwCt6cJ+fFeXc+5q0rTj5zCP7A+fwBnSySWg==</latexit>

�f (x, µ
2)



Factoriza)on,	  Renormaliza)on	  and	  Evolu)on	  

q  Factoriza)on	  requires	  renormaliza)on	  of	  nonlocal	  operators:	  

<latexit sha1_base64="lPW3Et4oxGlAiVtpkahBP3oN4A4="></latexit>

�

q/h

(x, µ2) =

Z
dy

�

4⇡
e
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y

2

hh(p)| 
q

(0)�+�(0, y�) 
q

(y�)|h(p)i+UVCT(µ2)

<latexit sha1_base64="Qi1D81X4iC4EktJwBiNbtkRZ8Dg="></latexit>

�

LP
DIS(x,Q

2
, Qs) =

X

f

cf (x,Q
2
/µ

2)⌦ �f/h(x, µ
2
, Qs)

q  Matching	  coefficients	  and	  factoriza)on	  scheme:	  
<latexit sha1_base64="R3GLI5LHEVeU6rnQmZowoeIrk28="></latexit>

c

(1)
f (x,Q2

/µ

2) = �

(1)
DIS�q(x,Q

2)� �

(0)
DIS�q(x,Q

2
, Qs)⌦ �

(1)
q/q(x, µ

2
, Qs)

<latexit sha1_base64="mldT1BP8K/GJisYxYSKIp3/wpyU=">AAACCXicbVDLSsNAFJ34rPEVdelmsAh1U5Og6LLgxmUL9gFNWibTSTt0MhNmJkoJ3brxV9y4UMStf+DOvzFps9DWAxcO59zLvfcEMaNK2/a3sbK6tr6xWdoyt3d29/atg8OWEonEpIkFE7ITIEUY5aSpqWakE0uCooCRdjC+yf32PZGKCn6nJzHxIzTkNKQY6UzqW9Bjgg8lHY40klI8eKbHeKXRc8+9KOm5Z2bfKttVewa4TJyClEGBet/68gYCJxHhGjOkVNexY+2nSGqKGZmaXqJIjPAYDUk3oxxFRPnp7JMpPM2UAQyFzIprOFN/T6QoUmoSBVlnhPRILXq5+J/XTXR47aeUx4kmHM8XhQmDWsA8FjigkmDNJhlBWNLsVohHSCKss/DyEJzFl5dJy606l1W7cVGuuUUcJXAMTkAFOOAK1MAtqIMmwOARPINX8GY8GS/Gu/Exb10xipkj8AfG5w/Ot5kJ</latexit>

�! ln(Q2/µ2)

<latexit sha1_base64="Bvg10eDglonKc+BunpL0TVD2J3U="></latexit>

/
Z Q2

0

dk2T
k2T

�
Z 1

0

dk2T
k2T

+UVCT(µ2)

�

Scheme-‐dependence	  of	  
Leading	  to	  scheme	  dependence	  
of	  extracted	  PDFs,	  …	  	  

<latexit sha1_base64="2z2JzE0cwhUZOt0bukGzfZqkoIY=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48V7Ae0oWy2m3bp7ibsToQS+he8eFDEq3/Im//GpM1BWx8MPN6bYWZeEEth0XW/ndLG5tb2Tnm3srd/cHhUPT7p2CgxjLdZJCPTC6jlUmjeRoGS92LDqQok7wbTu9zvPnFjRaQfcRZzX9GxFqFgFHOJDcPKsFpz6+4CZJ14BalBgdaw+jUYRSxRXCOT1Nq+58bop9SgYJLPK4PE8piyKR3zfkY1Vdz66eLWObnIlBEJI5OVRrJQf0+kVFk7U0HWqShO7KqXi/95/QTDWz8VOk6Qa7ZcFCaSYETyx8lIGM5QzjJCmRHZrYRNqKEMs3jyELzVl9dJp1H3ruvuw1Wt2SjiKMMZnMMleHADTbiHFrSBwQSe4RXeHOW8OO/Ox7K15BQzp/AHzucPbcCNyA==</latexit>cf

q  Factoriza)on	  leads	  to	  evolu)on	  and	  resumma)on:	  
<latexit sha1_base64="xZnB9dDsJLfwEZYNXWc6+iZaY5w=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IURZcFNy4r2Ac0sUwmk3bozCTMTIQagr/ixoUibv0Pd/6NkzYLbT1w4XDOvdx7T5AwqrTjfFuVldW19Y3qZm1re2d3z94/6Ko4lZh0cMxi2Q+QIowK0tFUM9JPJEE8YKQXTK4Lv/dApKKxuNPThPgcjQSNKEbaSEP7yIskwlmYZ6HHhMfT+2ZeG9p1p+HMAJeJW5I6KNEe2l9eGOOUE6ExQ0oNXCfRfoakppiRvOaliiQIT9CIDAwViBPlZ7Prc3hqlBBGsTQlNJypvycyxJWa8sB0cqTHatErxP+8QaqjKz+jIkk1EXi+KEoZ1DEsooAhlQRrNjUEYUnNrRCPkYlDm8CKENzFl5dJt9lwLxrO7Xm91SzjqIJjcALOgAsuQQvcgDboAAwewTN4BW/Wk/VivVsf89aKVc4cgj+wPn8AbkaVJQ==</latexit>

d

d lnµ2

<latexit sha1_base64="Qi1D81X4iC4EktJwBiNbtkRZ8Dg="></latexit>
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2
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X

f

cf (x,Q
2
/µ

2)⌦ �f/h(x, µ
2
, Qs)

<latexit sha1_base64="j2AjuRCCsENO5E8IWJ/3lmGbGpk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh4MVjRfsBbSib7aRdutmE3Y1QSn+CFw+KePUXefPfuGlz0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvs389hMqzWP5aCYJ+hEdSh5yRo2VHm7cUr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjD+lynAmcFbqpRoTysZ0iF1LJY1Q+9P5qTNyZpUBCWNlSxoyV39PTGmk9SQKbGdEzUgve5n4n9dNTXjtT7lMUoOSLRaFqSAmJtnfZMAVMiMmllCmuL2VsBFVlBmbThaCt/zyKmnVqt5l1b2/qNRreRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AEruo0D</latexit>

= 0

<latexit sha1_base64="el9y7ZMLMPKInbeg8NncmX15olc="></latexit>
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X
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�f/i(x,↵s)⌦ �i/h(x, µ
2) Solu)on	  of	  evolu)on	  

=	  Resumma)on	  



Heavy	  quarkonium	  produc)on	  

q  One	  of	  the	  simplest	  QCD	  bound	  states:	  

	  Localized	  color	  charges	  (heavy	  mass),	  non-‐rela)vis)c	  rela)ve	  mo)on	  	  

Charmonium:	   BoXomonium:	  v2 ≈ 0.3 v2 ≈ 0.1
q  Well-‐separated	  momentum	  scales	  –	  effec)ve	  theory:	  

	  	  	  
	  

	  	  	  	  	  	  	  	  	  	  	  

Perturbative 

Non-Perturbative 

mQ 

mQv 

PT 

mQv2 

Non-Perturbative Sog	  —	  Rela)ve	  Momentum	  

Ultrasog	  —	  Binding	  Energy	  

Hard	  —	  Produc)on	  of	  	   QQ [pQCD]	  

[NRQCD]	  

[pNRQCD]	  

q  Cross	  sec)ons	  and	  observed	  mass	  scales:	  
d�AB!H(P )X

dydP 2
T

p
S, PT , MH ,

	  PQCD	  is	  “expected”	  to	  work	  for	  the	  produc)on	  of	  heavy	  quarks	  
	  Difficulty	  	  =	  	  Emergence	  of	  a	  quarkonium	  from	  a	  heavy	  quark	  pair?	  	  



Color	  singlet	  model	  (CSM)	  
Campbell,	  Maltoni,	  Tramontano	  (2007),	  	  
Artoisenet,	  Lansburg,	  Maltoni	  (2007),	  
Artoisenet,	  et	  al.	  (2008)	  

q  Issues:	  
²  How	  reliable	  is	  the	  perturba)ve	  expansion?	  
²  S-‐wave:	  large	  correc)ons	  from	  high	  orders	  

²  P-‐wave:	  Infrared	  divergent	  –	  CSM	  is	  not	  complete	  

q  Effec)vely	  No	  parameter:	  
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LO
NLO

NNLO*
CDF data

transverse	  

longitudinal	  

LO	  

NLO	  

B.	  Gong	  et,	  al.	  PRL	  (2008)	  



Challenges:	  	  NLO	  theory	  fits	  –	  Butenschoen	  et	  al.	  

PRL, 2011 



Challenges:	  	  NLO	  theory	  fits	  –	  Gong	  et	  al.	  

PRL, 2012 



Challenges:	  	  NLO	  theory	  fits	  –	  Chao	  et	  al.	  

PRL, 2012 



Why	  high	  orders	  in	  NRQCD	  are	  so	  large?	  

q  Consider	  J/ψ	  produc)on	  in	  CSM:	  

Leading	  order	  in	  αs-‐expansion	  =\=	  leading	  power	  in	  1/pT-‐expansion!	  
At	  high	  pT	  	  fragmenta6on	  contribu6on	  dominant	  

Kang,	  Qiu	  and	  Sterman,	  2011	  

NLO	  in	  αS	  

NLP	  in	  1/PT	  

NNLO	  in	  αS	  

LP:	  

LO	  in	  αS	  

NNLP	  	  

²  	  High-‐order	  correc)on	  receive	  power	  enhancement	  

²  	  Expect	  no	  further	  power	  enhancement	  beyond	  NNLO	  

²  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ruins	  the	  perturba)on	  series	  	  at	  sufficiently	  large	  pT	  [↵s ln(p
2
T /m

2
Q)]

n



Ma et al. 2014 

q  Polariza)on	  	  =	  	  input	  fragmenta)on	  func)ons:	  

Heavy	  quarkonium	  polariza)on	  

q  Projec)on	  operators	  –	  polariza)on	  tensors:	  

²  Partonic	  hard	  parts	  and	  evolu)on	  kernels	  are	  perturba)ve	  	  
²  Insensi)ve	  to	  the	  proper)es	  of	  produced	  heavy	  quarkonia	  

for	  produced	  the	  quarknium	  moving	  in	  +z	  direc)on	  with	  	  	  

Pµ⌫(p) ⌘
X

�=0,±1

✏⇤µ� (p)✏⌫�(p) = �gµ⌫ +
pµp⌫

p2

Pµ⌫
T (p) ⌘ 1

2

X

�=±1

✏⇤µ� (p)✏⌫�(p) =
1

2


�gµ⌫ +

pµn⌫ + p⌫nµ

p · n

�
Unpolarized	  quarkonium	  

Transversely	  polarized	  quarkonium	  

Pµ⌫
L (p) ⌘ Pµ⌫(p)� 2Pµ⌫

T (p) =
1

p2


pµ � p2

2p · nn
µ

� 
p⌫ � p2

2p · nn
⌫

�

Longitudinally	  polarized	  quarkonium	  

pµ = (p+, p�, p?) = p+(1, 0,0?)

nµ = (n+, n�, n?) = (0, 1,0?)

p2 = n2 = 0

p · n = p+



QCD	  factoriza)on	  +	  NRQCD	  factoriza)on	  

(LO)

(LO)(LO)

(LO)�(NLO)
NRQCD /

q  Color	  singlet	  as	  an	  example:	  

LO	  QCD	  hard	  

HQ	  pair	  FFs	  	  
LO	  NRQCD	  

Reproduce	  NLO	  CSM	  for	  pT	  >	  10	  GeV!	  

Cross	  sec)on	  +	  polariza)on	  

Kang,	  Qiu	  and	  Sterman,	  2011	  

Different	  kinema6cs,	  different	  approxima6on,	  	  
Dominance	  of	  different	  produc6on	  channels!	  



QCD	  factoriza)on	  approach	  when	  PT	  >>	  mQ	  

q  Factoriza)on	  formalism:	  
	  

q  Produc)on	  of	  the	  pairs:	  

	   ² 	  at	  1/mQ:	   Di!H(z,mQ, µ0)

² 	  at	  1/PT:	   d�̂A+B![QQ̄()]+X(P[QQ̄](), µ)

² 	  between:	  	  
	  	  	  [	  1/mQ	  ,	  1/PT]	  

d

d ln(µ)
Di!H(z,mQ, µ) = ...

+
m2

Q

µ2
�(z)⌦D[QQ̄()!H({zi},mQ, µ)

p̂Q =
1 + ⇣

2z
p̂ , p̂Q̄ =

1� ⇣

2z
p̂

Nayak,	  Qiu,	  and	  Sterman,	  2005	  
Kang,	  Ma,	  Qiu	  and	  Sterman,	  2014	  ,	  …	  



QCD	  factoriza)on	  beyond	  leading	  power	  

q  Matching	  coefficients	  beyond	  the	  leading	  power:	  
	  

q  Beyond	  the	  leading	  power	  –	  e+e-‐	  as	  an	  example:	  
	  

<latexit sha1_base64="DL+KETOcKt2vcUshS1fb/bR8q10=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktih4LXnpswX5AdynZNNuGJtk1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmhQln2rjut1PY2t7Z3Svulw4Oj45PyqdnHR2nitA2iXmseiHWlDNJ24YZTnuJoliEnHbDycPC706p0iyWj2aW0EDgkWQRI9hYKWj4JkYtP8Qqa80H5YpbdZdAm8TLSQVyNAflL38Yk1RQaQjHWvc9NzFBhpVhhNN5yU81TTCZ4BHtWyqxoDrIlkfP0ZVVhiiKlS1p0FL9PZFhofVMhLZTYDPW695C/M/rpya6DzImk9RQSVaLopQj++kiATRkihLDZ5Zgopi9FZExVpgYm1PJhuCtv7xJOrWqd1t1WzeVei2PowgXcAnX4MEd1KEBTWgDgSd4hld4c6bOi/PufKxaC04+cw5/4Hz+AFILkcI=</latexit>

H ! QQ̄

d1 d2 d3 

<latexit sha1_base64="LyEhXLatft5CkB8BxDVpXLpKCxc="></latexit>

d�̂(2)
e+e�!QQ̄

(pT ) = d�(2)
e+e�!QQ̄

(pT )� d�(1)
e+e�!Q0Q̄0(pT )⌦D(1)

QQ̄/Q0Q̄0 � d�(0)
e+e�!Q(pT )⌦D(2)

QQ̄/Q
<latexit sha1_base64="Bvg10eDglonKc+BunpL0TVD2J3U="></latexit>

/
Z Q2

0

dk2T
k2T

�
Z 1

0

dk2T
k2T

+UVCT(µ2)

�
d2: 

Cancel	  CO	  divergence,	  and	  
UV	  finite,	  but,	  should	  take	  
care	  of	  oversubtrac)on	  

d3: 

<latexit sha1_base64="SNt/v+7AcZF+XZloJoi8+vmqFxg="></latexit>

/
Z Q2

0

dk2T
(k2T )

n�2
�
Z 1

0

dk2T
(k2T )

n�2
+ FACT(µ2)

�

<latexit sha1_base64="zlZqwy5b/CQY40pgDe6fIgydkRE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoseCF48V7Ae0oWy2k3bpZpPuboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJaPZpqgH9Gh5CFn1FipLXtDnBCvX664VXcBsk68nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclXqpxoSyMR1i11JJI9R+tjh3Ri6sMiBhrGxJQxbq74mMRlpPo8B2RtSM9Ko3F//zuqkJb/2MyyQ1KNlyUZgKYmIy/50MuEJmxNQSyhS3txI2oooyYxMq2RC81ZfXSatW9a6r7sNVpV7L4yjCGZzDJXhwA3W4hwY0gcEYnuEV3pzEeXHenY9la8HJZ07hD5zPH6Aajww=</latexit>

n � 1
Take	  are	  of	  the	  Pair	  produced	  between	  1/mQ	  and	  1/pT	   See	  arXiv:2006.07375	  



Evolu)on	  of	  fragmenta)on	  func)ons	  

q  Independence of the factorization scale: 
 d

d ln(µ)
�A+B!HX(PT ) = 0

²  at Leading power in 1/PT: DGALP	  evolu)on	  

²  next-to-leading power in 1/PT – New non-linear evolution! 

²  Set mass:                    with a caution mQ ! 0

q  Evolution kernels are perturbative:  

Kang,	  Ma,	  Qiu	  and	  Sterman,	  2013	  

d

d lnµ2
DH/f (z,mQ, µ) =

X

j

↵s

2⇡
�f!j(z)⌦DH/j(z,mQ, µ)

d

d lnµ2
DH/f (z,mQ, µ) =

X

j

↵s

2⇡
�f!j(z)⌦DH/j(z,mQ, µ)

+
1

µ2

X

[QQ̄()]

↵2
s

(2⇡)2
�f![QQ̄()](z, ⇣, ⇣

0)⌦DH/[QQ̄()](z, ⇣, ⇣
0,mQ, µ)

⌦DH/[QQ̄()](z, ⇣, ⇣
0,mQ, µ)

d

d lnµ2
DH/[QQ̄(c)](z, ⇣, ⇣

0,mQ, µ) =
X

[QQ̄()]

↵s

2⇡
K[QQ̄(c)]![QQ̄()](z, ⇣, ⇣

0)



q  Sensi)ve	  to	  the	  proper)es	  of	  quarkonium	  produced:	  

	  
q  Large	  heavy	  quark	  mass	  and	  clear	  scale	  separa)on:	  

	  

	  

 

Should,	  in	  principle,	  be	  extracted	  from	  experimental	  data	  

Dg!J/ (z, µ0,mQ) !
X

[QQ̄(c)]

d̂g![QQ̄(c)](z, µ0,mQ)hO[QQ̄(c)](0)i|NRQCD

Complete	  LO+NLO	  for	  S,	  P	  states	  &	  NNLO	  for	  singlet	  S	  state	  	  

Full	  LO+NLO	  for	  S,	  P	  states	  is	  now	  available	  

Nayak,	  Qiu	  and	  Sterman,	  2005	  

Kang, Ma, Qiu and Sterman, 2014 

Non-‐perturba)ve	  input	  distribu)ons	  

Ma, Qiu, Zhang, 2013 

Reduce	  “many”	  unknown	  FFs	  to	  a	  few	  universal	  NRQCD	  matrix	  elements!	  

q No	  all-‐order	  proof	  of	  such	  factoriza)on	  yet!	  	  

D[QQ̄()]!J/ (z, ⇣, ⇣
0, µ0,mQ)!

X

[QQ̄(c)]

d̂[QQ̄()]![QQ̄(c)](z, ⇣, ⇣
0, µ0,mQ)hO[QQ̄(c)](0)iNRQCD

Braaten,	  Yuan,	  1994	  
Ma,	  1995,	  …	  	  
Braaten,	  Chen,	  1997	  
Braaten,	  Lee,	  2000,	  	  
Ma,	  Qiu,	  Zhang,	  2013	  
…	  

µ0 ⇠ mQ � mQ v Apply NRQCD to the FFs 

²  Single	  parton	  FFs	  –	  valid	  to	  two-‐loops:	  

²  Heavy	  quark	  pair	  FFs	  –	  valid	  to	  one-‐loop:	  



Next-‐to-‐leading	  power	  fragmenta)on	  –	  Ma	  et	  al.	  

q  Heavy	  quark	  pair	  FFs:	  
Ma, Qiu, Zhang, 2013 

q  Moment	  of	  the	  FFs:	  



Next-‐to-‐leading	  power	  fragmenta)on	  –	  Ma	  et	  al.	  

independent	  of	  	  
NRQCD	  	  

matrix	  elements	  

LO	  analy)cal	  
results	  

reproduce	  
NLO	  NRQCD	  
calcula)ons	  
(numerical)	  

LP 

NLP 

Dominated by 

q  Channel-‐by-‐channel	  comparison:	  
	  



Next-‐to-‐leading	  power	  fragmenta)on	  –	  Ma	  et	  al.	  

q  LP	  vs.	  NLP	  (both	  LO):	  
	   NLP	  dominated	  

1S[8]
0

for	  wide	  pT	  

NLP	  dominated	   3S[1]
1

LP	  dominated	  
3S[8]

1 and 3P [8]
J

PT	  distribu)on	  
is	  consistent	  with	  
distribu)on	  of	  

1S[8]
0



Matching	  between	  different	  approaches	  

q  Expecta)on:	   Kang, Ma, Qiu and Sterman, 2014 

QCD Factorization 
NRQCD 

Low pT? 

q  Matching	  for	  pT	  è	  mQ:	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Kang,	  Qiu,	  2008	  
Lee,	  Qiu,	  Sterman,	  Watanabe,	  2020	  

When	  pT	  >>	  mQ:	  

No-‐logarithmic	  mass	  terms	  in	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  vanish	  



Summary	  

q  It	  has	  been	  over	  40	  years	  since	  the	  discovery	  of	  J/Ψ,	  but,	  s)ll	  not	  
completely	  sure	  about	  its	  produc)on	  mechanism	  

q  NRQCD	  factoriza)on	  is	  expected	  to	  work	  for	  PT	  ~	  Q,	  no	  all-‐order	  proof	  

q Nuclear	  medium	  could	  be	  a	  good	  “filter”	  or	  a	  fermi-‐scale	  “detector”	  for	  
studying	  the	  emergence	  of	  a	  quarkonium	  from	  a	  havey	  quark	  pair	  

Thank	  you!	  

§  Resumma)on	  of	  logarithms	  from	  2mQ	  to	  PT	  	  
§  Non-‐linear	  evolu)on	  equa)on	  of	  single	  parton	  fragmenta)on	  func)on	  

is	  needed	  for	  a	  consistent	  accuracy	  at	  Next-‐to-‐leading-‐power	  
§  Matching	  between	  high	  PT	  to	  PT	  ~	  mQ	  	  
§  Challenge	  for	  low	  PT	  region	  or	  near	  the	  threshold	  	  

q  QCD	  factoriza)on	  is	  shown	  to	  work	  for	  both	  LP	  and	  NLP	  at	  high	  PT 

Not	  talked	  here	  


