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PDFs

ubiquitous in 
description of 
collider physics 
processes

TMDs

staple shaped 
Wilson lines 

Quark TMDs

�[�+]
q h(x, b) = f1(x, b) + i✏µ⌫T bµs⌫Mf?1 (x, b)
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• There are eight TMD 
distributions in leading twist 

• TMD distributions provide a 
more detailed picture of the 
many body parton structure of 
the hadron 

• Interplay with the transverse 
momentum

longitudinal & Transverse

fq/P (x, µ)

fq/P (x, kT , µ, �)

longitudinal

key information about the 
structure of hadrons

light-cone sensitive operators
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TMD Factorization

Semi-Inclusive DIS

electron 
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h 

Drell-Yan Dihadron in e+e-
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Motivation

Precision TMD measurements

Drell-Yan process:

Measured to . 1% accuracy
I Crucial input for PDF determination

Standard candle of Standard Model:
I Important test of QCD

Can we disentangle possible BSM physics
from PDF fitting?

I Can easily absorb small BSM
signals into PDFs ...

W -mass measurement:
Dominant uncertainty from PDFs:

I Particularly important:
correlations between quark flavors

Direct calculation of PDFs could alleviate such uncertainties
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TMDs with Polarization

Gluons 
Fragmentation functions 
Nuclear targets

Quark TMDs
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• There are eight TMD 
distributions in leading twist 

• TMD distributions provide a 
more detailed picture of the 
many body parton structure of 
the hadron 

• Interplay with the transverse 
momentumNucleon  
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Quasi PDFs from Lattice QCD

Lattice determination of PDFs

Lattice QCD
Only practical tool for nonperturbative calculations
Based on discretized path integral
with imaginary time t = itE :

hOi =

Z
D D ̄DA O e

iS

!

Z
D D ̄DA O e

�SE

In general: can only calculate Euclidean-time dependence
I Requires analytical continuation to Minkowski time

Obstacles to calculating PDFs from lattice
PDF is time-dependent correlation function

I Analytic continuation from Euclidean time currently unknown

No lightlike kinematics on lattice: n2

E = 0 , n
µ
E = 0

Many proposals on PDF determination in recent years
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Need to be able to write calculations in  
       euclidean form.
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Obstacle for PDFs (and TMDPDFs):

PDF operators are intrinsically Minkowski, no direct Euclidean analog 

Quasi PDFs from Lattice QCD

Lattice determination of PDFs

Lattice QCD
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Can compute moments

Quasi PDFs from Lattice QCD

PDF moments from Euclidean lattice

Expand PDF in local operators (OPE):

an(µ) =

Z
dxx

n�1
fq(x, µ)

= n
µ1

· · ·n
µn

hP |q̄(0)�µ1 i
$
Dµ2 · · · i

$
Dµnq(0)|P i

Calculate matrix elements of local, gauge invariant and
frame-independent operators

I Calculable on the lattice
PDFs can (in principle) be reconstructed from the moments
Operator mixing due to broken Lorentz symmetries and n  3
[Detmold et al ’02; Dolgov et al ’02]

Recent proposals to access PDFs on lattice:
I Restore rotational symmetries to calculate n > 3 [Davoudi,Savage ’12]
I Direct computation of the hadronic tensor [Liu et al ’94, ’98, ’99, ’00, ’17]
I Lattice cross sections [Ma, Qiu ’17]
I · · ·

Focus of this talk: Quasi PDF / large-momentum effective theory [Ji ’13, ’14]
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 but limited by power law operator mixing to n � 3
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Quasi-PDFs

Consider a purely spatial operator  

(Xiangdong Ji 2013) 

quasi-PDF

Relate to light-cone operator for PDF by a boost

f̃q(x, P z, �) =
�

dbz

4�
eibzxP z �

p(P )
��q̄(bz)Wz(bz, 0)�0q(0)

��p(P )
�

(a)

z

t
nn̄

bz�bz

�
�b z

n̄

�b z
n̄

(b)

Figure 5: Illustration of the Wilson line structure of the quasi beam function (a), and the
behavior of the longitudinal separation under a Lorentz boost along the z direction (b).

3.4 Construction of the quasi soft function

Recall the definition Eq. (2.9) of the bare TMD soft function,

S
q(bT , ✏, ⌧) =

1

Nc

⌦
0
��Tr

⇥
S
†

n(~bT )Sn̄(~bT )ST (�1n̄;~bT ,~0T )S
†

n̄(~0T )Sn(~0T )S
†

T

�
�1n;~bT ,~0T

�⇤
⌧

��0
↵
.

(3.22)

Note that this vacuum matrix element has no explicit time dependence, in contrast to
the collinear matrix element Eq. (3.18). Time dependence only enters indirectly through
the lightlike directions of the Wilson lines Sn and Sn̄, which on its own prohibits a direct
computation on lattice. To obtain a lattice-computable quasi soft function, it thus seems
reasonable to follow the same logic as above and replace

n
µ = (1, 0, 0, 1) ! ẑ

µ
, n̄

µ = (1, 0, 0,�1) ! �ẑ
µ
. (3.23)

As before, the lattice computation also requires to truncate the Wilson lines at a length L,
where they are joined by transverse gauge links. The most naive attempt of constructing a
quasi version of the soft function Eq. (2.9) thus takes the form

S̃
q(bT , a, L) =

1

Nc

⌦
0
��Tr

�
S
†

ẑ(
~bT ;L)S�ẑ(~bT ;L)ST (Lẑ;~bT ,~0T )

⇥ S
†

�ẑ(
~0T ;L)Sẑ(~0T ;L)S

†

T

�
�Lẑ;~bT ,~0T

� ��0
↵
, (3.24)

where the soft Wilson lines of finite length are given by

S±ẑ(x
µ;L) = P exp


±ig

Z 0

�L
dsAz(xµ ± sẑ

µ)

�
. (3.25)

The resulting Wilson line path is illustrated in Fig. 6a.

– 22 –

depends on Pz since not boost invariant

boost to O � boost to proton state

quasi-PDF and PDF should have same IR physics

Differences in UV accounted for by perturbative matching

�QCD � P ztake “LaMET”

lim
P z��

f̃q(x, P z, µ) = fq(x, µ)  No?

(finite large P z)
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quasi-PDF Matching

f̃i(x, P z, µ̃) =
� 1

�1

dy

|y| Cij

�x

y
,

µ̃

P z
,

µ

yP z

�
fj(y, µ) + O

�M2

P 2
z

,
�2

QCD

x2P 2
z

�

quasi-PDF 
computable with  

Lattice QCD

Perturbative matching 
coefficient

PDF

Power corrections

9

Proof with OPE:

zÕ :

Izubuchi, Ji, Jin, IS, Zhao ‘18 (see also Ma, Qiu ’14, ’17)
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B. Factorization for the quasi-PDF

The renormalized quasi-PDF is defined as a Fourier
transform of the renormalized spatial correlator,

q̃
⇣
x,

µ

Pz

⌘
⌘

Z
d⇣

2⇡
eix⇣ Q̃

✓
⇣,

µ2⇣2

P 2
z

◆
. (24)

Note that we could use either Q̃�z or Q̃�0 here. Using
the result for the spatial correlator in Eq. (18) this gives

q̃
⇣
x,

µ

Pz

⌘
(25)

=

Z
1

�1

dy

Z
d⇣

2⇡
eix⇣

X

n=0

Cn

⇣µ2⇣2

P 2
z

⌘ (�i⇣)n

n!
yn

�
q (y, µ)

=

Z
1

�1

dy

|y|

Z
d⇣

2⇡
ei

x
y ⇣

X

n=0

Cn

⇣ µ2⇣2

(yP z)2

⌘ (�i⇣)n

n!

�
q (y, µ) .

Already, one can see that the matching kernel is a func-
tion of x/y and µ/(|y|P z). We define the kernel as

C

✓
x

y
,

µ

|y|P z

◆
⌘

Z
d⇣

2⇡
ei

x
y ⇣

X

n=0

Cn

⇣ µ2⇣2

(yP z)2

⌘ (�i⇣)n

n!
,

(26)

and then Eq. (25) can be rewritten as

q̃
⇣
x,

µ

P z

⌘
=

Z
1

�1

dy

|y|
C
⇣x
y
,

µ

|y|P z

⌘
q (y, µ) , (27)

which is the MS factorization formula for the quasi-
PDF. This result shows that the factorization formula
in Eq. (6) must have pz = |y|P z for the quasi-PDF in
the MS scheme. We will show that this remains true
for any quasi-PDF renormalization scheme in Sec. IV.
This di↵ers from the choice pz = P z which had been
conjectured and used in the early papers on the quasi-
PDF [21, 22, 24]. Physically the correct result in Eq. (27)
can be understood as the fact that the matching coef-
ficient is only sensitive to the perturbative partonic dy-
namics, and hence it is the magnitude of the partonic mo-
mentum |y|P z which appears, rather than the hadronic
momentum P z.

Taking the moment of the quasi-PDF using Eq. (24)
gives

Z
1

0

dx xnq̃
⇣
x,

µ

P z

⌘
=

⇣
i
d

d⇣

⌘n
Q̃

✓
⇣,

µ2⇣2

P 2
z

◆�����
⇣!0

=
X

n0

⇣
i
d

d⇣

⌘n

Cn0

⇣µ2⇣2

P 2
z

⌘ (�i⇣)n
0

n0!

������
⇣!0

an0+1 (µ) .

(28)

Since the Cn0 coe�cients have ln(⇣2) dependence, the
derivative for n0 = n will always have a logarithmic sin-
gularity as ⇣ ! 0, and there will be even more singular
terms for n0 < n. This explains why the short distance
Wilson coe�cient causes the moments not to exist for
the quasi-PDF.

C. Factorization for the pseudo-PDF

The renormalized pseudo-PDF is the Fourier transform
of the renormalized spatial correlator

P
�
x, µ2z2

�
=

Z 1

�1

d⇣

2⇡
eix⇣ Q̃

�
⇣, µ2z2

�
. (29)

Since both the pseudo-PDF and spatial correlator are
multiplicatively renormalized in a ⇣ independent manner,
this follows immediately from Eq. (9). If we take Eq. (23)
and Fourier transform the spatial correlator Q̃(⇣, µ2z2)
into the pseudo-PDF, and light-cone correlation Q(↵⇣, µ)
into the PDF, then we immediately obtain the factoriza-
tion formula for the pseudo-PDF,

P(x, z2µ2) =

Z
1

|x|

dy

|y|
C

✓
x

y
, µ2z2

◆
q(y, µ)

+

Z �|x|

�1

dy

|y|
C

✓
x

y
, µ2z2

◆
q(y, µ)

+O(z2⇤2

QCD
) , (30)

which is the small z2 factorization formula in Eq. (12).
The upper and lower limits of the integrals in Eq. (30)
follow immediately from the support �1  ↵  1 of the
matching coe�cient C(↵, z2µ2), and we recall that we
also have �1  x  1 for the pseudo-PDF on the LHS.
Since the range of x is bounded for the pseudo-PDF

the terms in the series expansion of the exponential in
Eq. (29) exist,

Q̃(⇣, µ2z2) =
1X

n=0

Z
1

�1

dx
(�i⇣)nxn

n!
P(x, µ2z2) . (31)

Comparing with Eq. (18) this implies that the moments
of the pseudo-PDF are given by

Z
1

�1

dx xn
P(x, µ2z2) = Cn(µ

2z2) an+1(µ) . (32)

So far we have proven the large P z factorization of
the quasi-PDF and small z2 factorization of the spatial
correlation and pseudo-PDFs. After deriving one factor-
ization, it immediately leads to the others, since they are
just di↵erent representations of the same spatial correla-
tor. Indeed, we see that the quasi-PDF and pseudo-PDF
are related at leading power by their definitions:

q̃
⇣
x,

µ

P z

⌘
=

Z
d⇣

2⇡
eix⇣

Z
1

�1

dy e�iy⇣
P

✓
y,

µ2⇣2

P 2
z

◆
,

(33)

where we have used z = ⇣/P z. Based on Eq. (19) and
Eq. (26), the Wilson coe�cients in their factorization
theorems also maintain the same relationship,

C

✓
⇠,

µ

|y|P z

◆
=

Z
d⇣

2⇡
ei⇠⇣

Z
1

�1

d↵ e�i↵⇣
C

✓
↵,

µ2⇣2

(yP z)2

◆
.

(34)
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PDF. This result shows that the factorization formula
in Eq. (6) must have pz = |y|P z for the quasi-PDF in
the MS scheme. We will show that this remains true
for any quasi-PDF renormalization scheme in Sec. IV.
This di↵ers from the choice pz = P z which had been
conjectured and used in the early papers on the quasi-
PDF [21, 22, 24]. Physically the correct result in Eq. (27)
can be understood as the fact that the matching coef-
ficient is only sensitive to the perturbative partonic dy-
namics, and hence it is the magnitude of the partonic mo-
mentum |y|P z which appears, rather than the hadronic
momentum P z.

Taking the moment of the quasi-PDF using Eq. (24)
gives

Z
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dx xnq̃
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(28)

Since the Cn0 coe�cients have ln(⇣2) dependence, the
derivative for n0 = n will always have a logarithmic sin-
gularity as ⇣ ! 0, and there will be even more singular
terms for n0 < n. This explains why the short distance
Wilson coe�cient causes the moments not to exist for
the quasi-PDF.

C. Factorization for the pseudo-PDF

The renormalized pseudo-PDF is the Fourier transform
of the renormalized spatial correlator

P
�
x, µ2z2

�
=

Z 1

�1

d⇣

2⇡
eix⇣ Q̃

�
⇣, µ2z2

�
. (29)

Since both the pseudo-PDF and spatial correlator are
multiplicatively renormalized in a ⇣ independent manner,
this follows immediately from Eq. (9). If we take Eq. (23)
and Fourier transform the spatial correlator Q̃(⇣, µ2z2)
into the pseudo-PDF, and light-cone correlation Q(↵⇣, µ)
into the PDF, then we immediately obtain the factoriza-
tion formula for the pseudo-PDF,

P(x, z2µ2) =

Z
1

|x|
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y
, µ2z2
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QCD
) , (30)

which is the small z2 factorization formula in Eq. (12).
The upper and lower limits of the integrals in Eq. (30)
follow immediately from the support �1  ↵  1 of the
matching coe�cient C(↵, z2µ2), and we recall that we
also have �1  x  1 for the pseudo-PDF on the LHS.
Since the range of x is bounded for the pseudo-PDF

the terms in the series expansion of the exponential in
Eq. (29) exist,

Q̃(⇣, µ2z2) =
1X

n=0

Z
1

�1

dx
(�i⇣)nxn

n!
P(x, µ2z2) . (31)

Comparing with Eq. (18) this implies that the moments
of the pseudo-PDF are given by

Z
1

�1

dx xn
P(x, µ2z2) = Cn(µ

2z2) an+1(µ) . (32)

So far we have proven the large P z factorization of
the quasi-PDF and small z2 factorization of the spatial
correlation and pseudo-PDFs. After deriving one factor-
ization, it immediately leads to the others, since they are
just di↵erent representations of the same spatial correla-
tor. Indeed, we see that the quasi-PDF and pseudo-PDF
are related at leading power by their definitions:
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(33)

where we have used z = ⇣/P z. Based on Eq. (19) and
Eq. (26), the Wilson coe�cients in their factorization
theorems also maintain the same relationship,
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B. Factorization for the quasi-PDF

The renormalized quasi-PDF is defined as a Fourier
transform of the renormalized spatial correlator,
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Note that we could use either Q̃�z or Q̃�0 here. Using
the result for the spatial correlator in Eq. (18) this gives
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Already, one can see that the matching kernel is a func-
tion of x/y and µ/(|y|P z). We define the kernel as
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(26)

and then Eq. (25) can be rewritten as
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⌘
=
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1
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|y|
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|y|P z
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q (y, µ) , (27)

which is the MS factorization formula for the quasi-
PDF. This result shows that the factorization formula
in Eq. (6) must have pz = |y|P z for the quasi-PDF in
the MS scheme. We will show that this remains true
for any quasi-PDF renormalization scheme in Sec. IV.
This di↵ers from the choice pz = P z which had been
conjectured and used in the early papers on the quasi-
PDF [21, 22, 24]. Physically the correct result in Eq. (27)
can be understood as the fact that the matching coef-
ficient is only sensitive to the perturbative partonic dy-
namics, and hence it is the magnitude of the partonic mo-
mentum |y|P z which appears, rather than the hadronic
momentum P z.

Taking the moment of the quasi-PDF using Eq. (24)
gives
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Since the Cn0 coe�cients have ln(⇣2) dependence, the
derivative for n0 = n will always have a logarithmic sin-
gularity as ⇣ ! 0, and there will be even more singular
terms for n0 < n. This explains why the short distance
Wilson coe�cient causes the moments not to exist for
the quasi-PDF.

C. Factorization for the pseudo-PDF

The renormalized pseudo-PDF is the Fourier transform
of the renormalized spatial correlator

P
�
x, µ2z2

�
=

Z 1

�1

d⇣

2⇡
eix⇣ Q̃

�
⇣, µ2z2

�
. (29)

Since both the pseudo-PDF and spatial correlator are
multiplicatively renormalized in a ⇣ independent manner,
this follows immediately from Eq. (9). If we take Eq. (23)
and Fourier transform the spatial correlator Q̃(⇣, µ2z2)
into the pseudo-PDF, and light-cone correlation Q(↵⇣, µ)
into the PDF, then we immediately obtain the factoriza-
tion formula for the pseudo-PDF,

P(x, z2µ2) =

Z
1

|x|

dy

|y|
C

✓
x

y
, µ2z2

◆
q(y, µ)

+
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QCD
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which is the small z2 factorization formula in Eq. (12).
The upper and lower limits of the integrals in Eq. (30)
follow immediately from the support �1  ↵  1 of the
matching coe�cient C(↵, z2µ2), and we recall that we
also have �1  x  1 for the pseudo-PDF on the LHS.
Since the range of x is bounded for the pseudo-PDF

the terms in the series expansion of the exponential in
Eq. (29) exist,

Q̃(⇣, µ2z2) =
1X

n=0

Z
1

�1

dx
(�i⇣)nxn

n!
P(x, µ2z2) . (31)

Comparing with Eq. (18) this implies that the moments
of the pseudo-PDF are given by

Z
1

�1

dx xn
P(x, µ2z2) = Cn(µ

2z2) an+1(µ) . (32)

So far we have proven the large P z factorization of
the quasi-PDF and small z2 factorization of the spatial
correlation and pseudo-PDFs. After deriving one factor-
ization, it immediately leads to the others, since they are
just di↵erent representations of the same spatial correla-
tor. Indeed, we see that the quasi-PDF and pseudo-PDF
are related at leading power by their definitions:
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where we have used z = ⇣/P z. Based on Eq. (19) and
Eq. (26), the Wilson coe�cients in their factorization
theorems also maintain the same relationship,
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yP z

⌘

� = zP z

3

Distribution Fourier transform Arguments
from spatial correlator

Spatial correlation ⇣ = zP z, z2

Quasi-PDF z ! xP z x, P z

Pseudo-PDF ⇣ ! x x, z2

TABLE I. Summary of the relationship between di↵erent Eu-
clidean distributions.

which they verified at order O(↵s) for the unpolarized
iso-vector case with � = �0. (Again the coe�cient C will
depend on the choice of � = �0 or �z.)

In Ref.[19] a diagrammatic derivation of the factoriza-
tion formula in Eq. (6) for the quasi-PDF was given. Here
we derive this factorization formula for the quasi-PDF in
an alternate manner, and also show that spatial correla-
tor and pseudo-PDF are di↵erent representations of the
same fundamental factorization. Our approach is based
on the operator product expansion (OPE) for spacelike
separated local operators [50]. For such operators the
OPE has been proven for scalar field theory to all orders
in perturbation theory [51–53], and is widely assumed to
hold for any renormalizable quantum field theory includ-
ing QCD. By introducing auxiliary fields in place of the
Wilson line [54], the correlator in Eq. (8) is known to
be equivalent to a product of local renormalizable oper-
ators of this type. Through our derivation we find the
explicit form of the large P z and small z2 factorization
formulas in Eq.(6) and Eq. (12) respectively, as well as
the relationship between the matching coe�cients C and
C. Since the requirement for large P z and small z2 is
the same for both the quasi-PDF and pseudo-PDF ap-
proaches, there is in principle no fundamental di↵erence
in applying either one to lattice calculations of the pro-
ton matrix element of Õ�(z). It is interesting to compare
both approaches utilizing the same lattice data, although
they shall not yield di↵erent result in principle.

The rest of this paper is organized as follows: In Sec. II,
we use an OPE of Õ�(z) to derive the large P z factoriza-
tion of LaMET in Eq. (6) and small z2 factorization of
the pseudo-PDF in Eq. (12). We prove that one must
take pz = |y|P z in Eq. (6), so the corresponding ar-
gument in C is µ/(|y|P z). (This OPE approach was
used recently in Ref. [20] to prove the factorization the-
orem for the “lattice cross sections”, and the OPE proof
carried out here was done independently and first pre-
sented in Ref. [55].) In Sec. III, we derive the spatial cor-
relator, pseudo-PDF, and quasi-PDF distributions and
matching coe�cients at one-loop in MS and analyze the
Fourier-transform relation between the quasi-PDF and
pseudo-PDF. Unlike earlier results for the quasi-PDF in
MS, we also use dimensional regularization with minimal
subtraction to renormalize divergences at x = ±1. In
Sec. IV, we discuss how renormalization schemes other
than MS are easily incorporated into the factorization
formulas. In Sec. V we carry out a numerical analysis

of the matching coe�cients, by computing the convolu-
tion in Eq. (6) numerically using the PDF determined by
global fits [4]. We show that the di↵erence between using
pz = P z and pz = |y|P z in Eq. (6) is an important e↵ect,
and that our MS matching coe�cients are insensitive to
cuto↵s in the convolution integral. In Sec. VI, we discuss
the implications of our OPE analysis for the lattice cal-
culation of the PDF in both the quasi-PDF and pseudo-
PDF approaches. Finally, we conclude in Sec. VII.

II. FACTORIZATION FROM THE OPE

In this section we make use of the operator product
expansion to derive the matching relation for the quasi-
PDF, as well as the equivalent matching relations for the
spatial correlator and pseudo-PDF. For simplicity these
three equivalent cases are presented in separate subsec-
tions.

A. OPE and Factorization for the Spatial
Correlator

The operator product expansion (OPE) is a technique
to expand nonlocal operators with separation zµ in terms
of local ones in the Euclidean limit of z2 ! 0. It can
be applied to both bare regulated operators as well as
renormalized operators, and our focus will be on the lat-
ter. For the gauge-invariant Wilson operator Õ�(z), it
was proven that it can be multiplicatively renormalized
in coordinate space as [56, 57]

Õ�(z, µ) = Z ,z e
�m|z|Õ�(z, ✏) , (13)

where �m captures the power divergence from the Wil-
son line self-energy, Z ,z only depends on the end points
z, 0 and renormalizes the logarithmic divergences. This
multiplicative renormalization was also discussed earlier
in Refs. [58–61]. For simplicity, in this section we take
� = �z for Eq. (13).
In the MS scheme, the power divergence vanishes, and

using the OPE the renormalized Õ�(z, µ) can be ex-
panded in terms of local gauge-invariant operators as
z2 ! 0 giving

Õ�z (z, µ) =
1X

n=0


Cn(µ

2z2)
(�iz)n

n!
eµ1 · · · eµnO

µ0µ1···µn
1

(µ)

+ C 0
n(µ

2z2)
(�iz)n

n!
eµ1 · · · eµnO

µ0µ1···µn
2

(µ)

+ higher-twist operators
i
, (14)

where µ0 = z, Cn = 1 + O(↵s) and C 0
n = O(↵s) are

Wilson coe�cients, and Oµ0µ1···µn
1

(µ) and Oµ0µ1···µn
2

(µ)
are the only allowed renormalized traceless symmetric
twist-2 quark and gluon operators at leading power in

L⇣ = '̄ iDz'

[ ̄(z)�z'(z)]['̄(0) (0)] product of local operators
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1. Lattice simulation of  
bare quasi PDF

with those obtained for Tsink ¼ 1.12 fm, but not with those
for Tsink ¼ 0.75 fm, and thus excited states are indeed
sufficiently suppressed for this larger Tsink, for which we
quote our results in what follows.
Quasi-PDFs are computed for three values of the

momentum, namely, 6π=L, 8π=L, and 10π=L, or in
physical units 0.83, 1.11, and 1.38 GeV.We use momentum
smearing on the nucleon interpolating field [44], which is
necessary to achieve high momentum at a reasonable
computational cost [27]. Although this means that we need
to compute the quark propagator for each value of the
momentum, the gain in the error overcompensates by far
the extra cost. Going to even larger momentum, although
desirable, requires huge computational resources [44,45],
beyond what is currently available.
We apply stout smearing [46] to the links of the WL

entering the operator. This reduces the power divergence
connected to the nonlocal operator modifying the renorm-
alization factor. However, renormalized matrix elements
extracted from different smearing levels must agree. We test
up to 20 stout smearing steps to the WL (only in spatial
directions), and upon renormalization we find complete
agreement (see Supplemental Material [47]).
One can extract the unpolarized PDF from an operator

with a Dirac structure parallel (hγ3) or perpendicular to the
WL (hγ0). The former has the disadvantage of mixing with
the twist-3 scalar operator [36], and, thus, here we focus on
hγ0 . In Fig. 1 we show results for bare unpolarized and
helicity matrix elements. It is evident that the signal quality
rapidly worsens for larger momenta. To keep statistical
uncertainties under control, we increase statistics by a
factor of four to six for momenta 8π=L and 10π=L, where
38 250 and 58 950 measurements are used, respectively, as

compared to 9600 measurements for 6π=L. As can be seen
from Fig. 1, results for the two largest momenta overlap
for both the real and imaginary parts within our statistical
errors, demonstrating encouraging convergence.
Renormalization and matching procedures.—To obtain

physical results, lattice matrix elements of nonconserved
currents must be renormalized. Compared to other nucleon
quantities, quasi-PDFs have an additional WL-related
power divergence. Based on the renormalization and
mixing pattern from Ref. [36], we developed a nonpertur-
bative prescription [30] (see Supplementary Material [47]),
that was also implemented for another lattice formulation
[54]. This procedure removes the power divergence and the
logarithmic divergence with respect to the regulator and
applies the necessary finite renormalization related to the
lattice regularization. For our choices of the Dirac struc-
tures, there is no mixing. Results are converted to the
modified minimal subtraction scheme and evolved to
μ ¼ 2 GeV using the formulas of Ref. [36].
Quasi-PDFs are extracted from the renormalized matrix

elements by taking a Fourier transform. To obtain the light-
cone PDF from quasi-PDF, one needs to apply a perturba-
tive matching procedure [19–23,25], which is valid because
infrared physics is the same for both quasi and light-cone
PDFs. The matching formula can be expressed as

qðx; μÞ ¼
Z

∞

−∞

dξ
jξj

C
!
ξ;

μ
xP3

"
q̃
!
x
ξ
; μ; P3

"
; ð2Þ

where q̃ðx; μ; P3Þ is the renormalized quasi-PDF and
qðx; μÞ is the light-cone (matched) renormalized PDF.
The negative-x region corresponds to antiquarks, with
the crossing symmetry being q̄ðxÞ ¼ −qð−xÞ (unpolarized)
and Δq̄ðxÞ ¼ Δqð−xÞ (polarized). C represents the match-
ing kernel (see Supplemental Material [47]), where we use
a modified expression with respect to the one suggested in
Ref. [23]. More details on the matching and its comparison
with other studies [21–23] will be presented in a follow-up
publication.
Results.—After applying the matching procedure and

target mass corrections [26] to the renormalized Fourier-
transformed matrix elements, one can make contact with
light-cone PDFs. In Fig. 2, we show results for the
unpolarized PDF (hγ0) for the three different values of
the nucleon boost. For illustrative purposes we include the
phenomenological determinations CJ15 [55], ABMP16
[56], and NNPDF3.1 [57]. We find that as the momentum
increases, the LQCD data approach the phenomenological
results. In particular, increasing P3 from 6π=L to 8π=L has
a large effect on the shape of the PDFs, with the results
obtained at the larger value approaching the phenomeno-
logical curves. Furthermore, we find agreement between
the PDFs obtained for the two largest boosts indicating that
LaMET may be applicable for P3 ≥ 8π=L. We note that
observing such convergence is necessary for reliable

FIG. 1. Comparison of unpolarized (upper panel) and polarized
(lower panel) bare matrix elements for momenta 6π=L (blue
circles), 8π=L (red diamonds), and 10π=L (green stars) using five
stout steps.
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2. Renormalization  
& continuum limit

Proof of (continuum) renormalizability

Ji, Zhang, Zhao ’18,  Green et al. ’18,  Ishikawa et al. ‘17

Operator mixing with broken chiral symmetry on lattice

Constantinou & Panagopoulos ’17, Chen et.al. ’17, Green et.al. ’18

eg. No O(a0) mixing using �t

Perturbative renormalization (lattice perturbation theory)
Constantinou & Panagopoulos ’17, Ishikawa et.al. ’16, Xiong, Luu, Meissner ‘17

Nonperturbative renormalization (eg. RIMOM scheme) 
Constantinou & Panagopoulos ’17, IS & Zhao ’18, Alexandrou et al.(ETMC) ’17, 

   Chen et al.(LP3) ’18, Liu et al. (LP3) ’18, Green et al. ’18,  Monahan & Origins ’17, Monahan ’18

   Ji, Liu, Schafer, Wang, Yang, Zhang, Zhao ‘20

Quasi-gluon PDF renormalization Zhang, Ji, Shaefer ’19,  Li, Ma, Qiu ‘19 11
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3. Subtraction of Power  
Corrections

Can determine proton mass dependent terms J.W. Chen et al.(LP3) ‘16

Renormalon analysis of power corrections Braun, Vladimiro, Zhang ‘19
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4. Compute Matching  
Coefficients, including  

scheme conversion

MSalways
Quasi PDFs from Lattice QCD

Nonperturbative renormalization on lattice

Lattice perturbation theory suffers from bad convergence due to lattice
power corrections [Capitani ’02]

Instead: employ nonperturbative renormalization, such as the
Regularization-invariant momentum subtraction scheme (RI/MOM)
[Martinelli, Pittori, Sachrajda, Testa, Vladikas ’95]

Renormalization condition for an off-shell quark with p
2
6= 0:

Z
�1

OM
hp|Q̃(z)|pi

��
p2

=�µ2
R

pz
=pz

R

= hp|Q̃(z)|pi
��
tree

I Have to match onto PDF calculated in same scheme

Matching known at one loop [Stewart, Zhao ’17; Alexandrou et al (ETMC) ’17]

Markus Ebert (MIT) Quasi (TMD)PDFs from Lattice QCD 02/05/19 11 / 30
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4. Compute Matching  
Coefficients, including  

scheme conversion

Hard UV Cutoff Xiong, Jie, Zhang, Zhao ‘14

RIMOM IS, Zhao ’18,  Liu et al.(LP3) ’18,  Alexandrou et.al. ‘18

MS Izubuchi, Ji, Jin, IS, Zhao ’18  (1-loop non-singlet)

Chen, Wang, Zhu ’20  (2-loop, also RIMOM), Li, Ma, Qiu ’20  (2-loop)
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FIG. 3. Comparison between the PDF xfu�d and the quasi-PDF obtained from x(COM ⌦ fu�d) in the Landau gauge. The
orange, blue, and green bands indicate the results from varying the factorization scale µ by a factor of two.

FIG. 4. Left panel: Comparison between the PDF xfu�d and the quasi-PDF from x(COM ⌦ fu�d) determined at di↵erent µRs.
Right panel: The pzR dependence of the quasi-PDF x(COM ⌦ fu�d), compared to the PDF xfu�d which is independent of pzR.
In both panels the blue band indicates the µ renormalization scale dependence of the PDF from variation by a factor of two.

Fig. 4 a comparison between x(COM
⌦ fu�d)(x, µR) and

xfu�d(x, µ) with µ = 3.0GeV (blue dashed line). The
blue band shows how the PDF changes when we take
µ = 1.5 or 6.0GeV. We see that the RI/MOM quasi-PDF
is quite sensitive to the choice of rR, exhibiting larger
variations than that of varying the renormalization scale
µ in the PDF. We also observe that the quasi-PDF moves
away from the PDF when µR > µ. The quasi-PDF in the
RI/MOM scheme also satisfies a multiplicative renormal-
ization group equation, derived in App. D, which can be
analyzed with a perturbative anomalous dimension for
µR � ⇤QCD.

In the right panel of Fig. 4 we hold µR = 2.0pzR with
fixed P

z = µ = 3.0 GeV, and vary p
z
R = {0.2, 0.4, 1.0}P z.

We observe that there exists an optimal value for p
z
R to

make the matching coe�cient miminum. In Fig. ?? we
hold µR = 2.0pzR and p

z
R = 0.4P z with fixed µ = 3.0 GeV,

and vary P
z = {1, 3, 6} GeV. We observe that in the tails

(x > 1 and x < �1) that the RI/MOM quasi-PDF is not
sensitive to P

z . On the other hand, in the central region
�1 < x < 1 the matching coe�cient becomes a finite
function in the P

z
! 1 limit, and hence there is always

perturbative conversion needed between the quasi-PDF
and PDF.

Finally we consider the comparison between our
RI/MOM results and the matching results in the trans-
verse cut-o↵ scheme. At P z = µ = 3.0 GeV, pzR = 0.4P z,
µR = 2.0pzR, and ⇤T = 6.0GeV, we calculate C⇤T ⌦fu�d

with ycut = 101, 102, 104 and plot the results with com-
parison to fu�d in Fig. 6. Unlike the COM

⌦fu�d, results
for C⇤T⌦fu�d su↵er from UV divergences in the integra-
tion over y, and they di↵er significantly from fu�d. This
means that when one inverts the factorization formula in
Eq. (8) to determine the PDF from the quasi-PDF, that

quasi-PDF scheme

MSalways

Note:  various choices to be made, eg. scheme conversion prior/post Fourier transform 

Ratio Scheme & Modified MS
Radyushkin ’18,  Izubuchi et al. ’18,  Alexandrou et al.(ETMC) ‘19

  Wang et al.’18 & Zhang et al. ’19 (singlet, gluon)
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quasi-PDF Analysis

f̃(x, P z, µ̃) =
� 1

�1

dy

|y| C
�x

y
,

µ̃

P z
,

µ

yP z

�
f(y, µ) + O

�M2

P 2
z

,
�2

QCD

x2P 2
z

�

5. Invert C perturbatively 
 (trivial), and extract f

Systematic Uncertainties:

• Excited state contamination

• Discretization effects

• Fourier transform with discrete data

• Extrapolation in Pz to remove Power Corrections

• Perturbative uncertainty from higher order matching
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Lattice Results
Quasi PDFs from Lattice QCD

Quark PDF from lattice

State-of-the art calculations at physical pion mass:
[Lin et al (LP3)]: P

z = {2.2, 2.6, 3.0} GeV

[Alexandrou et al (ETMC)]: P z = {0.83, 1.11, 1.38} GeV

Results from ETMC:
Lattice size: L = 4.5 fm

Match onto PDF at µ = 2 GeV (2-step matching)
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2015
2018

• physical  
• renormalization 
• matching

m�
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Calculations at Physical Pion Mass

Results from ETMC (2018)
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Quasi PDFs from Lattice QCD

Quark PDF from lattice

State-of-the art calculations at physical pion mass:
[Lin et al (LP3)]: P

z = {2.2, 2.6, 3.0} GeV

[Alexandrou et al (ETMC)]: P z = {0.83, 1.11, 1.38} GeV

Results from LP3:
Lattice size: L = 5.8 fm

Match onto PDF at µ = 3.7 GeV (1-step matching)
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Lattice Results
PDFs with other spin-structures:  quark transversity

Quasi PDFs from Lattice QCD

Quark transversity distribution from lattice

State-of-the art calculations at physical pion mass:
[Liu et al (LP3)]: P

z = 3.0 GeV

[Alexandrou et al (ETMC)]: P z = 1.4 GeV
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Lattice results more precise than best extractions from SIDIS
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� = �ij

quark helicity

SciPost Phys. Proc. 3, 015 (2020)
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Figure 13: Unpolarized PDF (upper left), helicity PDF (upper right) and transversity
PDF (lower)(blue curve). The global fits of Refs. [29–31] (unpolarized) , Refs. [32–
34] (helicity) , Refs. [35] (transversity) are shown for qualitative comparison.

A first attempt to compute directly PDFs was done by LP3 [25] and ETMC [26]. In Fig. 13
we show the most recent results computed by ETMC using an ensemble simulated at the phys-
ical pion mass [27, 28]. The errors shown are statistical only, and significant effort is needed
to properly quantify systematic uncertainties present in the various steps of the analysis. Nev-
ertheless, already lattice QCD results can describe the general features and provide a more
accurate determination of the transversity PDF.

5 Conclusion

Precision nucleon structure from lattice QCD is now possible due to two major developments:
i) simulations using dynamical light, strange and charm quarks with their masses fixed to
the physical value are available thanks to algorithmic advances and larger computers, and
ii) computation of both connected and disconnected contributions to sufficient accuracy is
feasible due to advanced techniques and access to GPUs. This progress will continue with the
advent of exascale computers expected in the next couple of years.

A number of collaborations are computing key quantities such as the first and second
Mellin moments reproducing the nucleon axial charge and providing a prediction for the tensor
charge and second transversity moment. This enables cross-checks among the different formu-
lations. We expect more precision results to emerge as systematic errors are investigated and
taken into account. We also expect that more demanding quantities to become amenable to
a lattice QCD computation. A recent example is the direct computation of parton distribution
functions within lattice QCD. The results produced already are very promising and a number
of complementary approaches are being advanced with good prospects for improvements.

015.13

ETMC

� = �z�5
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FIG. 3. The top panel is a quark helicity quasi-PDF in
RI/MOM scheme at proton momentum 3.0 GeV and resulting
physical PDF in MS at µ = 3 GeV. The error bands are sta-
tistical. The bottom panel shows the matched physical PDFs
from various proton momenta.

ing is in some sense boosting the finite-momentum quasi-
PDF to an infinite-momentum one with proper renormal-
ization, and boosting will in general move large-x partons
to smaller x. In the bottom panel, we show a compari-
son between the helicity distributions extracted from dif-
ferent proton momenta. In the large-x region, the dif-
ferences are small, indicating small higher-twist e↵ects.
However, the central values at small and negative x shift
noticeably from 2.2 to 3.0 GeV, reflecting the change of
the limiting behavior of the lattice correlation h̃(z, Pz, a)
at large zPz shown in Fig. 2.

Our final isovector quark helicity distribution, ob-
tained at the largest proton momentum of 3 GeV, is
shown in Fig. 4. The statistical error (with the excited-
state contamination subtracted based on two-state fits)
is shown as the red band. The systematic uncertainty,
shown combined in total with statistical one as the gray
band in Fig. 4, is obtained partly by varying the scales in
the NPR for µR 2 {2.3, 3.7} GeV and p

R
z 2 {1.3, 3} GeV.

The error from one-loop matching inversion is estimated
by the second-order correction. The systematics associ-
ated with lattice spacing a (discrete action, mismatching
in valence and sea fermions, and rotational symmetry vi-
olation, etc) and with finite volume e↵ects are estimated
to be conservatively about 8% and 5%, respectively, al-
lowing a factor of 2-3 larger than the first-moment cal-
culation itself in Ref. [40] to account for the unknown
x-dependence and Lorentz-boost e↵ect (see below). The
target-mass correction from Ref. [24] is found to be neg-

ligible for all three nucleon momenta, again indicating
small higher-twist contributions. Also shown in the fig-
ure are the phenomenological fits from NNPDFpol1.1 [2]
and JAM [3]. The present calculation is consistent with
experiment within 1� in the large-x region. For x very
close to 1, the calculation is in principle limited by the
finite lattice spacing e↵ect at large Pz, where the proton
needs be resolved with a finer longitudinal scale because
of Lorentz contraction. However, the consistency of data
at small zPz in Fig. 2 indicates that moderate Pz may be
su�cient for an accurate result. For x < 0.1, the present
calculation is limited by the accuracy of large-zPz data.
As in experiment, determining the small-x PDFs requires
large-momentum hadrons.

LP3

NNPDF1.1pol
JAM17
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FIG. 4. The red line is the MS-scheme isovector quark he-
licity PDF at scale µ = 3 GeV, extracted from LaMET at
the largest proton momentum (3 GeV), compared with fits
by NNPDFpol1.1 [2] and JAM [3]. The red band contains
statistical error while the gray band also includes estimated
systematics from finite lattice spacing, finite volume, higher-
twist corrections, as well as renormalization scale uncertain-
ties.

The present calculation shows the potential impact of
lattice simulations combined with the LaMET approach
in determining PDFs. The JLab 12-GeV program is
well positioned to make large-x determinations of po-
larized and unpolarized parton distributions, which are
extremely valuable to interpret large PT events at the
Large Hadron Collider. Lattice calculations at 10% level
will already be very useful in deciding the large-x behav-
ior, cross-checking with the experimental data.
To summarize, we report a state-of-the-art isovector

quark helicity distribution using lattice-QCD simulations
at physical pion mass with proton momentum as large
as 3 GeV. With high statistics, we combined multi-state
analysis and multiple source-sink separations to remove
excited-state contamination from our analysis; its error
is reflected in our statistical uncertainty. We renormal-
ize the nucleon matrix element using the nonperturbative
RI/MOM renormalization, and perform the LaMET one-
loop matching to convert quasi-distribution to physical
distribution in the MS scheme. An estimate of the sys-
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Continuum ExtrapolationMore Recent Results

Alexandrou et al. (ETMC) 
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FIG. 18. Matched unpolarized (left) and helicity (right) PDFs obtained using the gauge ensembles A60 (blue), B55 (orange),
D45 (green), whose lattice spacings are reported in Table I. The PDF in the continuum, after O(a) extrapolation (gray) and
O(a2) extrapolation (pink), is also shown.

FIG. 19. Comparison between the results for the unpolarized (left) and helicity (right) PDFs in the continuum limit obtained
with the O(a) extrapolation at fixed x (gray; see Fig. 18) and at fixed zpz (pink, based on the continuum-limit data in Fig. 11).
The distributions has been obtained using the BG (top panels) and BGFT (bottom panels) reconstruction techniques.

move relatively upward to lie between those of the other two ensembles. For all x > 0, the O(a2) extrapolation lies
below all of the individual lattice spacings and the O(a) extrapolation is even lower. Using the BGFT approach, both
of the extrapolations are consistent with the expected value of zero at x = 1, whereas for BG, this is true only of the
O(a) extrapolation. In the antiquark region, the extrapolated results lie above the PDFs determined at finite lattice
spacing, except for the BGFT unpolarized distribution near x = �1. This produces a more prominent positive region
at small negative x, particularly in the unpolarized case. At larger negative x, the extrapolations are generally closer
to zero.
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Name � aµl size a (fm) m⇡ (MeV) pzL/(2⇡) pz (GeV) ts/a ts (fm) Nconf Nsamp

A60 1.90 0.0060 243 ⇥ 48 0.0934(13)(35) 365 3 1.66 10 0.934 1260 40320

B55 1.95 0.0055 323 ⇥ 64 0.0820(10)(36) 373 4 1.89 12 0.984 1829 58528

D45 2.10 0.0045 323 ⇥ 64 0.0644(07)(25) 371 3 1.80 15 0.966 1259 40288

TABLE I. Parameters of the three Nf = 2+1+1 lattice ensembles: gauge coupling �, bare light quark mass aµl, and size. The
pion mass m⇡ and lattice spacing a (determined via the nucleon mass) are taken from Ref. [48]. Nucleon three-point functions
are computed with momentum ~p = (0, 0, pz) and source-sink time separation ts. The total number of gauge configurations is
given by Nconf; on each one, we use an evenly-spaced grid of 32 source positions, with a random overall displacement, yielding
Nsamp = 32Nconf samples.

II. LATTICE SETUP

We use three lattice ensembles that di↵er primarily in their lattice spacings a = 0.0644, 0.0820, and 0.0934 fm.
These have dynamical degenerate up and down quarks with pion mass approximately 370 MeV and dynamical strange
and charm quarks with near-physical masses, i.e. Nf = 2+1+1. The gauge action is Iwasaki [49, 50] and the fermions
use Wilson twisted mass tuned to maximal twist. These ensembles were generated by ETMC [51]; parameters for
the three used in this work are given in Table I. The ensemble with intermediate lattice spacing, B55, was previously
used by some of us for studying quasi-PDFs in Refs. [7–9].

Isovector quasi-PDFs are obtained from nucleon matrix elements of the nonlocal operator

O�(x, z) =  ̄(x + zẑ)�⌧3W (x + zẑ,x) (x), (1)

where bold symbols denote Euclidean four-vectors,  is the doublet of light quarks, W is a Wilson line, ⌧3 selects
the isovector u � d flavor combination, and we have chosen to extend the operator in the third spatial direction. We
employ five steps of stout smearing [52] in the definition of W . The operator’s nucleon matrix elements can be written
as

hp, s
0
|O�(0, z; µ)|p, si = h�(pz, z; µ)ū(p, s

0)�u(p, s), (2)

where µ represents the scale at which O is renormalized. Taking the Fourier transform, we obtain the unpolarized
and helicity quasi-PDFs,

q̃(x, pz; µ) =
pz

2⇡

Z
dz e

�ixpzzh�0(pz, z; µ),

�q̃(x, pz; µ) =
pz

2⇡

Z
dz e

�ixpzzh�3�5(pz, z; µ).
(3)

These are related to physical PDFs through factorization,
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and a similar expression applies to the helicity case.

The details of our calculation are similar to Ref. [12], although we use nucleon momenta only in the +ẑ direction
and do not improve statistics by averaging over equivalent directions. The proton interpolating operator is defined
using Wuppertal-momentum-smeared quark fields [53, 54], with the smearing performed using APE-smeared gauge
links [55].

III. EXCITED-STATE EFFECTS

On ensemble A60, we performed a dedicated study of excited-state e↵ects by varying the source-sink separation ts/a

from 4 to 10. The nucleon e↵ective energy on this ensemble is shown in Fig. 1; although momentum smearing yields
a good signal at moderate source-sink separations, the statistical uncertainty still grows rapidly at large separations.
Therefore, we use much larger statistics for the larger separations, as given in Table II.
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Therefore, we use much larger statistics for the larger separations, as given in Table II.
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Ensemble ID a (fm) N3
s ⇥Nt Mval

⇡ (MeV) Mval
⇡ L tsep/a Pz Ncfg Nmeas

a12m310 0.1207(11) 243 ⇥ 64 310(3) 4.55 {6, 7, 8, 9} {3, 4, 5} 2⇡
L 909 {18180, 29088, 43632, 50904}

a12m220S 0.1202(12) 243 ⇥ 64 225(2) 3.29 {6, 7, 8, 9} {4, 5, 6} 2⇡
L 958 {22922, 45984, 45984, 61312}

a12m220 0.1184(10) 323 ⇥ 64 228(2) 4.38 {6, 7, 8, 9} {3, 4, 5} 2⇡
L 725 {11600, 23200, 23200, 46400}

a12m220L 0.1189(09) 403 ⇥ 64 228(2) 5.5 {6, 7, 8, 9} {4, 5, 6, 8, 10} 2⇡
L 840 {13440, 26800, 26800, 53760}

a09m130 0.0871(6) 643 ⇥ 96 138(1) 3.90 {8, 9, 10, 12} {10, 12, 14} 2⇡
L 884 {17680, 28288, 56576, 109616}

a06m310 0.0582(4) 483 ⇥ 96 320(2) 4.52 {10/12, 14, 16, 18} {4, 5, 6, 7} 2⇡
L 935 {14960, 29920, 59840, 89760}

TABLE I: Ensemble information and parameters used in this calculation. Nmeas is the total number of measurements of the
three-point correlators for di↵erent values of tsep. L indicates the spatial length which is aNs (in fm).

with � = 1 [15, 29], while the �t case is free from such
mixing at O(a0). In this work, we only study the isovec-
tor unpolarized quark PDF.

As we increase the nucleon boost momentum, we antic-
ipate that excited-state contamination worsens, since the
states are relatively closer to each other; therefore, a care-
ful study of the excited-state contamination is necessary
for the LaMET (or quasi-/pseudo-PDF) approach. To
make sure the excited-state contamination is under con-
trol, we measure at least four nucleon three-point source-
sink separations, and we perform a number of di↵erent
extraction and analysis schemes. We use multigrid algo-
rithm [144, 145] in the Chroma software package [146] to
speed up the inversion of the quark propagator for the
clover fermions. Details of our calculation parameters
can be found in Table I.

Figure 1 shows an example analysis we did on the en-
semble with a ⇡ 0.06 fm and 310-MeV pion mass. One
this ensemble, we use multiple values of nucleon boost
momenta, Pz = {0, 0, n 2⇡

L }, with n 2 {4, 5, 6}, which cor-
respond to 1.7, 2.15 and 2.6 GeV nucleon momenta. We
consider multiple analysis methods to remove excited-
state systematics among the 5 source-sink separations,
0.60, 0.72, 0.84, 0.96, 1.08 fm, used in this work: First,
we use the “two-simRR” analysis described in Ref. [142]
to obtain the ground-state nucleon matrix elements us-
ing all five source-sink separations. (This analysis not
only obtains the ground-state matrix element but also
the transition and excited-state matrix elements.) A sec-
ond extraction uses the same method but only the largest
four separations. Finally, we use the “two-sim” analy-
sis, which includes both the ground state and the tran-
sition matrix elements but without the excited matrix
elements. Figure 1 shows the real and imaginary parts of
the matrix elements for all three momenta using various
combinations of data and analysis strategies. There is
no clear observation of excited-state contamination us-
ing any of these analyses. If the excited states were not
under control, we should see these di↵erent analyses giv-
ing very di↵erent ground-state signals. Similar analysis
has been done in all ensembles. For the rest of this paper,
we will take the middle analysis, focusing on the matrix
element using “two-simRR” with source-sink separation
tsep  0.72 fm only.

Before we can study the PDFs, we first need renormal-
ize the bare matrix elements obtained on the ensembles.
To do so, we calculate the RI/MOM renormalization con-
stant Z̃ nonperturbatively on the lattice by imposing the
following momentum-subtraction condition on the ma-
trix element of the quasi-PDF in an o↵-shell quark state:

Z(pRz , 1/a, µR) =

Tr[/p
P

shps| ̄f (�ñ) /̃ntW (�ñ, 0) f (0)|psi]

Tr[/p
P

shps| ̄f (�ñ) /̃ntW (�ñ, 0) f (0)|psitree]

�����p2 = �µ2
R

pz = pRz

.

(3)

On the lattice, hps|O�t(z)|psi is calculated from the am-
putated Green function of O�t with Euclidean external
momentum. In Fig. 2 we show the RI/MOM renormal-
ization factors calculated from all ensembles as a function
of Wilson-line displacement z. We observe a strong de-
pendence of the renormalization factors on lattice spac-
ing; this is expected, since the renormalization factors
serve as counterterms to cancel the ultraviolet (UV) di-
vergence of the bare matrix elements. On the other hand,
the dependence on pion mass is negligible; the renormal-
ization factors from a12m220 and a12m310 overlap one
another.

Figure 3 shows an example comparison of the real
renormalized isovector nucleon matrix elements for all
ensembles. We observe a small pion-mass dependence for
the a ⇡ 0.12 fm ensembles between the ensembles with
220- and 310-MeV pions, and no sizable finite-volume
e↵ects. When comparing lattice-spacing dependence, we
noted a small trend of the matrix elements moving down-
ward from 0.12 fm to 0.06 fm (green to blue points) but
overall within 2 standard deviations. We also compare
with the results from a single superfine lattice-spacing
study from Ref. [63] with similar nucleon boost momen-
tum, and the results are consistent as well (due to the
larger uncertainties). For the work below, we will fo-
cus on a continuum extrapolation without the superfine
lattice spacing, since the data is unlikely change the ex-
trapolation much.
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TABLE I: Ensemble information and parameters used in this calculation. Nmeas is the total number of measurements of the
three-point correlators for di↵erent values of tsep. L indicates the spatial length which is aNs (in fm).
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can be found in Table I.
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has been done in all ensembles. For the rest of this paper,
we will take the middle analysis, focusing on the matrix
element using “two-simRR” with source-sink separation
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putated Green function of O�t with Euclidean external
momentum. In Fig. 2 we show the RI/MOM renormal-
ization factors calculated from all ensembles as a function
of Wilson-line displacement z. We observe a strong de-
pendence of the renormalization factors on lattice spac-
ing; this is expected, since the renormalization factors
serve as counterterms to cancel the ultraviolet (UV) di-
vergence of the bare matrix elements. On the other hand,
the dependence on pion mass is negligible; the renormal-
ization factors from a12m220 and a12m310 overlap one
another.
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ensembles. We observe a small pion-mass dependence for
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larger uncertainties). For the work below, we will fo-
cus on a continuum extrapolation without the superfine
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FIG. 5: The nucleon isovector unpolarized PDFs from our lattice calculation in the physical-continuum limit, compared with
past lattice quasi-PDF results from LP3 and ETMC (left) [69, 70], and global fits from Refs. [149–152] (right). Note that
the previous lattice work by LP3’18 and ETMC’18 were done using a single lattice spacing at physical pion mass and did not
take into account the systematics due to twist-4 e↵ects, while our work (MSULat’20) includes this systematic as well as the
reconstruction errors.
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Other Recent Results

First lattice calculations of x-dependence of generalized  
parton distributions (off forward) E(x, �, t) ,… Alexandrou et al.(ETMC) ‘20

Parton distribution functions for the          from quasi-PDFs �+ Chai et al. ’20

Study of quasi-PDF matching for twist-3  PDFs Bhattacharya et al. ‘20
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FIG. 12. Final unpolarized PDFs extracted from the lattice (fitting ansatz reconstruction) and compared to global fits of
NNPDF [92] (solid black line and dark grey band). Shown distributions: valence (qv; upper left), valence + 2 sea (qv2s = qv+2q̄;
upper right), full (q = qv + q̄; lower left) and sea (q̄; lower right). The range of Io↵e times in the reconstruction is up to
⌫max ⇡ 5.2 (zmax/a = 8), ↵s/⇡ ⇡ 0.129. The central value of each PDF is shown with dashed pink line and the bands represent
the statistical uncertainty (purple), the latter with added uncertainty due to the choice of ⌫max and ↵s (blue) and the total
error additionally with estimated uncertainties related to cuto↵ e↵ects, FVE, excited states contamination, truncation and
higher-twist e↵ects (cyan) – see text for more details.

cyan band (conservatively estimated errors from cuto↵ ef-
fects, FVE, excited states contamination, truncation and
higher-twist e↵ects). The total uncertainty combines all
the separate sources thereof in quadrature.
For all distributions, we find very good agreement

with the corresponding phenomenological curve already
within statistical errors, while the total error accounts
for the remaining small discrepancies in certain regions
of x in qv and q (around x = 0.5 and also x <

⇠ 0.05 for
qv). This gives confidence in the estimates of unquan-
tified systematics, but we emphasize that much work is
needed to properly quantify these e↵ects.
The agreement of our final PDFs with NNPDF is strik-

ing and shows that a lattice extraction of the full x-
dependence of PDFs is feasible. It allows us also to
draw conclusions about the reliability of such an extrac-
tion in di↵erent regions of x. It is clear that the large-
x part (x >

⇠ 0.6) is reconstructed very robustly for all
distributions. Since this region is dominated by small-⌫
ITDs, it is basically insensitive to the range of Io↵e times
and moreover, one can argue that some other sources

of systematics are expected to be small. For instance,
O(z2⇤2

QCD) higher-twist e↵ects are probably negligible,
there are definitely no enhanced FVE of the type dis-
cussed in Ref. [34] and cuto↵ e↵ects are likely small,
since the calculated small-z matrix elements do not di↵er
much from the local (z = 0) ones, for which automatic
O(a)-improvement holds in our setup. In the intermedi-
ate range of x, x ⇡ 0.2 � 0.6, the uncertainties tend to
increase and the one from varying the Io↵e time range
becomes non-negligible, even if it is still subleading. The
reconstructed PDFs are less constrained due to part of
the Io↵e time dependence of ITDs missing. The latter be-
comes especially important in the low-x region (x <

⇠ 0.2),
where the total error becomes very large, particularly in
distributions involving the imaginary part of ITDs that
decays more slowly in Io↵e time than the real part.
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FIG. 12. Final unpolarized PDFs extracted from the lattice (fitting ansatz reconstruction) and compared to global fits of
NNPDF [92] (solid black line and dark grey band). Shown distributions: valence (qv; upper left), valence + 2 sea (qv2s = qv+2q̄;
upper right), full (q = qv + q̄; lower left) and sea (q̄; lower right). The range of Io↵e times in the reconstruction is up to
⌫max ⇡ 5.2 (zmax/a = 8), ↵s/⇡ ⇡ 0.129. The central value of each PDF is shown with dashed pink line and the bands represent
the statistical uncertainty (purple), the latter with added uncertainty due to the choice of ⌫max and ↵s (blue) and the total
error additionally with estimated uncertainties related to cuto↵ e↵ects, FVE, excited states contamination, truncation and
higher-twist e↵ects (cyan) – see text for more details.
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higher-twist e↵ects). The total uncertainty combines all
the separate sources thereof in quadrature.

For all distributions, we find very good agreement
with the corresponding phenomenological curve already
within statistical errors, while the total error accounts
for the remaining small discrepancies in certain regions
of x in qv and q (around x = 0.5 and also x <

⇠ 0.05 for
qv). This gives confidence in the estimates of unquan-
tified systematics, but we emphasize that much work is
needed to properly quantify these e↵ects.

The agreement of our final PDFs with NNPDF is strik-
ing and shows that a lattice extraction of the full x-
dependence of PDFs is feasible. It allows us also to
draw conclusions about the reliability of such an extrac-
tion in di↵erent regions of x. It is clear that the large-
x part (x >

⇠ 0.6) is reconstructed very robustly for all
distributions. Since this region is dominated by small-⌫
ITDs, it is basically insensitive to the range of Io↵e times
and moreover, one can argue that some other sources

of systematics are expected to be small. For instance,
O(z2⇤2

QCD) higher-twist e↵ects are probably negligible,
there are definitely no enhanced FVE of the type dis-
cussed in Ref. [34] and cuto↵ e↵ects are likely small,
since the calculated small-z matrix elements do not di↵er
much from the local (z = 0) ones, for which automatic
O(a)-improvement holds in our setup. In the intermedi-
ate range of x, x ⇡ 0.2 � 0.6, the uncertainties tend to
increase and the one from varying the Io↵e time range
becomes non-negligible, even if it is still subleading. The
reconstructed PDFs are less constrained due to part of
the Io↵e time dependence of ITDs missing. The latter be-
comes especially important in the low-x region (x <

⇠ 0.2),
where the total error becomes very large, particularly in
distributions involving the imaginary part of ITDs that
decays more slowly in Io↵e time than the real part.

Results from the related Pseudo-PDF method

Bhat, Cichy, Constantinou, Scapellato ‘20

Radyushkin ’17, Orginos et al. ‘17
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B. Factorization for the quasi-PDF

The renormalized quasi-PDF is defined as a Fourier
transform of the renormalized spatial correlator,

q̃
⇣
x,

µ

Pz

⌘
⌘

Z
d⇣

2⇡
eix⇣ Q̃

✓
⇣,

µ2⇣2

P 2
z

◆
. (24)

Note that we could use either Q̃�z or Q̃�0 here. Using
the result for the spatial correlator in Eq. (18) this gives

q̃
⇣
x,

µ

Pz

⌘
(25)

=

Z
1

�1

dy

Z
d⇣

2⇡
eix⇣

X

n=0

Cn

⇣µ2⇣2

P 2
z

⌘ (�i⇣)n

n!
yn

�
q (y, µ)

=

Z
1

�1

dy

|y|

Z
d⇣

2⇡
ei

x
y ⇣

X

n=0

Cn

⇣ µ2⇣2

(yP z)2

⌘ (�i⇣)n

n!

�
q (y, µ) .

Already, one can see that the matching kernel is a func-
tion of x/y and µ/(|y|P z). We define the kernel as

C

✓
x

y
,

µ

|y|P z

◆
⌘

Z
d⇣

2⇡
ei

x
y ⇣

X

n=0

Cn

⇣ µ2⇣2

(yP z)2

⌘ (�i⇣)n

n!
,

(26)

and then Eq. (25) can be rewritten as

q̃
⇣
x,

µ

P z

⌘
=

Z
1

�1

dy

|y|
C
⇣x
y
,

µ

|y|P z

⌘
q (y, µ) , (27)

which is the MS factorization formula for the quasi-
PDF. This result shows that the factorization formula
in Eq. (6) must have pz = |y|P z for the quasi-PDF in
the MS scheme. We will show that this remains true
for any quasi-PDF renormalization scheme in Sec. IV.
This di↵ers from the choice pz = P z which had been
conjectured and used in the early papers on the quasi-
PDF [21, 22, 24]. Physically the correct result in Eq. (27)
can be understood as the fact that the matching coef-
ficient is only sensitive to the perturbative partonic dy-
namics, and hence it is the magnitude of the partonic mo-
mentum |y|P z which appears, rather than the hadronic
momentum P z.

Taking the moment of the quasi-PDF using Eq. (24)
gives

Z
1

0

dx xnq̃
⇣
x,

µ

P z

⌘
=

⇣
i
d

d⇣

⌘n
Q̃

✓
⇣,

µ2⇣2

P 2
z

◆�����
⇣!0

=
X

n0

⇣
i
d

d⇣

⌘n

Cn0

⇣µ2⇣2

P 2
z

⌘ (�i⇣)n
0

n0!

������
⇣!0

an0+1 (µ) .

(28)

Since the Cn0 coe�cients have ln(⇣2) dependence, the
derivative for n0 = n will always have a logarithmic sin-
gularity as ⇣ ! 0, and there will be even more singular
terms for n0 < n. This explains why the short distance
Wilson coe�cient causes the moments not to exist for
the quasi-PDF.

C. Factorization for the pseudo-PDF

The renormalized pseudo-PDF is the Fourier transform
of the renormalized spatial correlator

P
�
x, µ2z2

�
=

Z 1

�1

d⇣

2⇡
eix⇣ Q̃

�
⇣, µ2z2

�
. (29)

Since both the pseudo-PDF and spatial correlator are
multiplicatively renormalized in a ⇣-independent manner,
this follows immediately from Eq. (9). If we take Eq. (23)
and Fourier transform the spatial correlator Q̃(⇣, µ2z2)
into the pseudo-PDF, and light-cone correlation Q(↵⇣, µ)
into the PDF, then we immediately obtain the factoriza-
tion formula for the pseudo-PDF,

P(x, z2µ2) =

Z
1

|x|

dy

|y|
C

✓
x

y
, µ2z2

◆
q(y, µ)

+

Z �|x|

�1

dy

|y|
C

✓
x

y
, µ2z2

◆
q(y, µ)

+O(z2⇤2

QCD
) , (30)

which is the small z2 factorization formula in Eq. (12).
The upper and lower limits of the integrals in Eq. (30)
follow immediately from the support �1  ↵  1 of the
matching coe�cient C(↵, z2µ2), and we recall that we
also have �1  x  1 for the pseudo-PDF on the LHS.
Since the range of x is bounded for the pseudo-PDF

the terms in the series expansion of the exponential in
Eq. (29) exist,

Q̃(⇣, µ2z2) =
1X

n=0

Z
1

�1

dx
(�i⇣)nxn

n!
P(x, µ2z2) . (31)

Comparing with Eq. (18) this implies that the moments
of the pseudo-PDF are given by

Z
1

�1

dx xn
P(x, µ2z2) = Cn(µ

2z2) an+1(µ) . (32)

So far we have proven the large P z factorization of
the quasi-PDF and small z2 factorization of the spatial
correlation and pseudo-PDFs. After deriving one factor-
ization, it immediately leads to the others, since they are
just di↵erent representations of the same spatial correla-
tor. Indeed, we see that the quasi-PDF and pseudo-PDF
are related at leading power by their definitions:

q̃
⇣
x,

µ

P z

⌘
=

Z
d⇣

2⇡
eix⇣

Z
1

�1

dy e�iy⇣
P

✓
y,

µ2⇣2

P 2
z

◆
,

(33)

where we have used z = ⇣/P z. Based on Eq. (19) and
Eq. (26), the Wilson coe�cients in their factorization
theorems also maintain the same relationship,

C

✓
⇠,

µ

|y|P z

◆
=

Z
d⇣

2⇡
ei⇠⇣

Z
1

�1

d↵ e�i↵⇣
C

✓
↵,

µ2⇣2

(yP z)2

◆
.

(34)
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First results for the gluon PDF at large x
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FIG. 8. The evolved ITDs G as functions of ⌫ at pion masses M⇡ = 690, 310 and 135 MeV from left to right, respectively. The
points of di↵erent colors represent the evolved ITDs M (⌫, z2) of di↵erent z values. The red band represents the fitted band of
evolved ITD matching from the functional form PDF from the matching formula Eq. 20. The yellow and pink bands represent
the evolved ITD matching from the CT18 NNLO and NNPDF3.1 NNLO unpolarized gluon PDF respectively. The evolution
and matching are both performed at µ = 2 GeV in the MS scheme.

MSULat, M�=690 MeV
NNPDF3.1 NNLO
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FIG. 9. The unpolarized gluon PDF obtained from the fit of the lattice data at pion masses M⇡ = 135, 310 and 690 MeV
compared with the CT18 NNLO (red band with dot-dashed line) and NNPDF3.1 NNLO (orange band with solid line) gluon
PDFs. The left figure shows xg(x, µ) as a function of x and the right figure shows x2

g(x, µ) in the large-x region. The evolution
and matching are both performed at µ = 2 GeV in the MS scheme.
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TMD Factorization

eg. Drell-Yan

       Hard function  
(virtual corrections)

� = Collins-Soper parameter

�a�b = Q4

�(qT , Q, Y ) = H(Q,µ)
�

d2�bT ei�qT ·�bT fq(xa,�bT , µ, �a) fq(xb,�bT , µ, �b)
�
1 +O

� q2
T

Q2

��

qT � Q

MS

nonperturbative when
kT � b�1

T � �QCD

21

TMD Evolution:

µ
d

dµ
ln fq(x,�bT , µ, �) = �q

µ(µ, �)

�
d

d�
ln fq(x,�bT , µ, �) = �q

� (µ, bT )
Collins-Soper Equation

�q
µ(µ, �) = �q

cusp[�s(µ)] ln
µ2

�
+ �q

µ[�s(µ)]

�q
� (µ, bT ) = �2

� µ

1/bT

dµ�

µ� �q
cusp[�s(µ�)] + �q

� [�s(1/bT )]

for                                   b�1
T � �QCD�q

� (µ, bT ) is nonperturbative

0 1 2 3 4 5
-3.0

-2.5

-2.0

-1.5

-1.0

-0.5

Log enhancement makes this the  
dominant nonperturbative effect

ln(Q/qT )

•
•



TMD Definitions Beam  
Function

Soft  
factor

Reminder (& notation) of TMDPDFs

Definition of TMDPDFs

Motivation: TMD factorization theorem (example: pp ! Z ! l
+
l
�)

�(~qT ) = H(Q,µ)

Z
d2~bT e

i~qT ·~bT f
TMD
q/a (xa,

~bT , µ, ⇣a) f
TMD
q/b (xb,

~bT , µ, ⇣b) + O

⇣
qT

Q

⌘2

I H(Q ⇠ mZ , µ): Hard function (virtual corrections)

Quark TMDPDF: [Collins ’11; Echevarria, Idilbi, Scimemi ’11; Chiu, Jain, Neill, Rothstein ’12, ...]

f
TMD
q (x,~bT , µ, ⇣) = Zuv(µ, ⇣, ✏) lim

⌘!0
Bq(x,~bT , ✏, ⌘, ⇣)

p
Sq(bT , ✏, ⌘)

S0
q(bT , ✏, ⌘)

I Bq: Beam function (collinear matrix element)
I Sq, S

0
q : Soft contributions

I ⌘: Regulates rapidity divergences
I ⇣: Collins-Soper scale [Collins, Soper’81]

Definitions of ⌘ and hence of Bq and Sq

are scheme dependent,
but fTMD

q is scheme independent
l

p p

l

+

-

Soft

Beam
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Towards quasi-TMDPDFs from Lattice QCD

Constructing the quasi beam function

Beam function: (light-cone correlator)

Bq(x,~bT , . . . ) =

Z
db+

4⇡
e
� i

2b
+
(xP�

)

D
p(P )

���q̄(bµ)W (0,~0T )

(b+,~bT )

�
�

2
q(0)

���p(P )
E

Quasi beam function: (equal-time correlator)

B̃q(x,~bT , . . . ) =

Z
dbz

2⇡
e
ibz

(xP z
)

D
p(P )

���q̄(bµ)W (0,~0T )

(bz,~bT )

�
3

2
q(0)

���p(P )
E

Wilson line path:
I Finite lattice size requires to truncate at length L

I Bare operators related by Lorentz boost

b?

t
z

q

q

b+

?

z

t

nn̄

b
z�b

z

�
�
b z
n̄

�
b z
n̄

b
µ =

b
+

2
(1, 0, 0, 1) + b

µ
T
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Towards quasi-TMDPDFs from Lattice QCD

Constructing the quasi soft function

Soft function: (light-cone correlator)

S
q(bT ) = h0

��[S†
nSTSn̄](~bT )[S

†
n̄S

†
TSn](~0T )

��0i

Quasi soft function: (equal-time correlator)

S̃
q(bT ) = h0

��[S†
ẑSTS�ẑ](~bT )[S

†
�ẑSTSẑ](~0T )

��0i

Wilson line path:
I Finite lattice size requires to truncate at length L

I Bare operators not related by Lorentz boost (more on this later)

b?

t
z

?

z

t

nn̄

b
z�b

z

�
b z
n̄

�
b
z n

v < 0v > 0

n
µ = (1, 0, 0, 1) , n̄µ = (1, 0, 0,�1)
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OB :

staple shaped 
Wilson lines 

Sq = �0|OS |0�

OS :

Review of TMD factorization

Rapidity (light-cone) divergences

�(~qT ) = Hqq̄!Z(mZ)

Z
d2~bT e

i~qT ·~bT Bq(x1,
~bT )Bq̄(x2,

~bT )S
q(bT )

Hard function H: Describes hard process qq̄ ! Z

Beam functions Bq,q̄: collinear radiation

Soft function S
q: soft radiation

Beam and soft modes have virtuality p
2
⇠ q

2

T

I Induces rapidity (light-cone) singularities
(not regulated by dimension regularization)

Rapidity divergences arise from integrals of type
Z

dk+dk� f(k+
k
�)

(k+k�)1+✏
=

Z
d(k+

/k
�)

2 k+/k�

Z
d(k+

k
�)

f(k+
k
�)

(k+k�)1+✏

Unphysical rapidity divergences cancel in physical TMDPDF:
f
TMD

q (x,~bT ) = Bq(x,~bT )
p

Sq(bT ) = Bq(x,~bT )�
q
S(bT )

p
+

p
�

QqTq
2
T
/Q

Q

qT

q
2
T

Q
p
2 = q

2
T

p
2 = Q

2
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Sq

Bq

Bq

two light-cone directions
depends on color rep. (q or g)

fq(x,�bT , µ, �) = lim
��0,��0

Zuv(�, µ, �)Bq(x,�bT , �, �, �)
�

Sq(bT , �, �)� �q(bT , �, �)

contains
Sq = �0|OS |0�& subtractions

Bq = FTb+ �p|OB |p�

�

�q = 1/
�

Sq

22



Quasi-TMDPDFs

UV renormalization & scheme change

quasi-Beam function quasi-soft factor

needs to be computable with Lattice QCD
must have same IR physics as TMDPDF

(including                    dependence) bT � ��1
QCD

f̃q(x,�bT , µ, P z) =
�

dbz

2�
eibz(xP z) lim

a�0
L��

Z̃ �q(b
z, µ, µ̃)Z̃q

uv(b
z, µ̃, a)

� B̃q(bz,�bT , a, L, P z)�̃q
S(bT , a, L)

a = lattice spacing (UV regulator)

(isovector quark operators 

u-d, from here on)
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Towards quasi-TMDPDFs from Lattice QCD

Constructing the quasi beam function

Beam function: (light-cone correlator)

Bq(x,~bT , . . . ) =

Z
db+

4⇡
e
� i

2b
+
(xP�

)

D
p(P )

���q̄(bµ)W (0,~0T )

(b+,~bT )

�
�

2
q(0)

���p(P )
E

Quasi beam function: (equal-time correlator)

B̃q(x,~bT , . . . ) =

Z
dbz

2⇡
e
ibz

(xP z
)

D
p(P )

���q̄(bµ)W (0,~0T )

(bz,~bT )

�
3

2
q(0)

���p(P )
E

Wilson line path:
I Finite lattice size requires to truncate at length L

I Bare operators related by Lorentz boost
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µ =
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µ
T
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Towards quasi-TMDPDFs from Lattice QCD

Constructing the quasi beam function

Beam function: (light-cone correlator)

Bq(x,~bT , . . . ) =

Z
db+

4⇡
e
� i

2b
+
(xP�

)

D
p(P )

���q̄(bµ)W (0,~0T )

(b+,~bT )

�
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2
q(0)

���p(P )
E

Quasi beam function: (equal-time correlator)

B̃q(x,~bT , . . . ) =

Z
dbz

2⇡
e
ibz

(xP z
)

D
p(P )

���q̄(bµ)W (0,~0T )

(bz,~bT )
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q(0)

���p(P )
E

Wilson line path:
I Finite lattice size requires to truncate at length L

I Bare operators related by Lorentz boost
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Quasi-Beam Functions

Bq = �p|OB |p�

OB :

B̃q = �p|ÕB |p�

ÕB :

Beam Function
Natural Quasi-Beam Function

Connected by boost 
(for bare operators)

Finite length L for Wilson lines, regulates rapidity divergences

~bT
~0T

~bT�L n̄

~bT�Ln

�L n̄

�Ln

(a)

~bT
~0T

~bT�L n̄

~bT�Ln

�L n̄

�Ln

(b)

~bT
~0T

~bT�L n̄

~bT�Ln

�L n̄

�Ln

(c)

~bT
~0T

~bT�L n̄

~bT�Ln

�L n̄

�Ln

(d)

Figure 4: One loop diagrams for the TMD soft function with finite-length Wilson lines
in Feynman gauge, up to mirror diagrams. The labels indicate the Wilson line paths in
position space.

for a Wilson line of size L stretching along the n direction, compared to its L ! 1 limit,

gst
a
n
µ 1� e

ik+L

k+
L!1
�! gst

a
n
µ 1

k+ + i0
. (3.7)

In Sec. 2, an explicit example of rapidity-divergent integral was discussed, see Eq. (2.15).
For finite L, the example integral changes to

Idiv =

Z
dk+dk�

f(k+k�)

(k+k�)1+✏
!

Z
dk+dk�

f(k+k�)

(k+k�)✏
1� e

ik+L

k+

1� e
�ik�L

k�
. (3.8)

Here we see that possible divergences as either k
±

! 0 are regulated by having finite L,
and the leftover logarithmic divergence as either k

±
! 1 is taken care of by dimensional

regularization.
In our construction of the quasi functions on lattice, we will replace the lightlike Wil-

son lines by spacelike Wilson lines, which affects the eikonal propagator, so the analog of
Eq. (3.8) is

Ĩdiv =

Z
dk0 dkz

f(k20 � k
2
z)

(k20 � k2z)
✏

1

k2z
!

Z
dk0 dkz

f(k20 � k
2
z)

(k20 � k2z)
✏

1� e
ikzL

kz

1� e
�ikzL

kz
. (3.9)

Clearly, the exponentials regulate a possible divergence as kz ! 0, and thus play a similar
role as in the lightlike case. However, Eq. (3.9) contains a quadratic dependence on kz in the
denominator, rather than the linear dependence on k

+ and k
� in Eq. (3.8). Thus, we can

also encounter linear divergences in L, as opposed to having only logarithmic divergences
ln(L) in the lightlike case.

3.2.1 Example: Lightlike soft function at NLO

To give a concrete example of the effect of finite L, we consider in detail the lightlike soft
function, defined in Eq. (2.9), at one loop. To account for the effect of finite lattice size,
the Wilson lines along the n and n̄ directions are truncated at Ln and Ln̄, respectively, and
transverse gauge links are included, as shown in Fig. 3b. In Feynman gauge, there are four
relevant diagrams, shown in Fig. 4, of which only (a) and (b) have rapidity divergences,
while (c) and (d) do not.
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P z
� bT � L

� length = 2L + bT � bz

f̃q(x,�bT , µ, P z) =
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eibz(xP z) lim
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Quasi-Soft Function
Cancel power law dependence on L,  length = 
Needed to reproduce infrared structure.

(2) “bent” quasi-soft (1) “naive” quasi-soft 
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�̃q
S = 1/

�
S̃q

b?

t

z

L
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z

t
nn̄

bz�bz

�b z
n̄ �b

z n

v < 0v > 0

(b)

Figure 6: Illustration of the Wilson line structure of the naive quasi soft function (a), and
the behavior of the longitudinal separation under a Lorentz boost along the z direction (b).
v > 0 and v < 0 denote that the required Lorentz boosts have opposite signs.

Unfortunately, the physical boost argument that allowed us to relate spatial Wilson
lines to lightlike Wilson lines in the quasi PDF [see Eq. (3.21)] does not apply to the quasi
soft function. Since the soft function involves both light-cone directions n and n̄, it is
necessary to simultaneously obtain them from boosting ±ẑ. However, this requires boosts
of opposite signs, as illustrated in Fig. 6b. Note that if this were possible with a single
boost, it would directly violate the boost argument for B̃, where it is essential that both
positive and negative b

z’s are boosted onto the same light-cone direction.
Despite the simple boost picture breaking down, one can still test whether the matching

for the obtained quasi-TMDPDF in the form of Eq. (3.6) is possible, and we study this
in the next section at NLO. Indeed, we find that for the naive quasi soft function the
matching is spoiled by the structure of infrared bT dependence. In Sec. 4.5, we will suggest
a modified quasi soft function that yields a quasi-TMDPDF which has the correct infrared
bT dependence at one loop. Given the absence of an intuitive boost relation, a rigorous
all orders proof for any such quasi-TMDPDF proposal will certainly be required before full
confidence can be obtained.

4 One Loop Results

In this section we present explicit one-loop results for the TMDPDF, the quasi beam and
naive quasi soft function, and their combination into the quasi-TMDPDF. Here, we work in
the MS scheme, as opposed to considering renormalization schemes appropriate for lattice
calculations as discussed in Sec. 3, since a pure MS calculation is fully sufficient to per-
turbatively test the matching relation. Furthermore, we limit ourselves to the quark PDF
and neglect mixing with gluons for simplicity, which corresponds to considering a non-
singlet flavor combination. All results are calculated by evaluating the appropriate matrix
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Figure 2: Illustration of the Wilson line structure of the quasi beam function B̃q (a) and
the bent quasi soft function S̃q

bent
(b), as given in eqs. (2.8) and (2.10). Note the different

coordinate systems in the two figures: (a) is shown in (z, t, x) space, while (b) is shown in
(z, y, x) space. In both cases, ~bT is aligned along the x axis.

Note that for the construction of the quasi-TMDPDF, different definitions of the quasi
soft function could be employed as well. This yields different definitions of the quasi-
TMDPDF, which will affect the (possibly nonperturbative) kernel relating quasi-TMDPDFs
and TMDPDFs, see Ref. [119] for a more detailed discussion. With the bent soft function
in eq. (2.4), this relation was shown to be short distance dominated and hence perturbative
at one loop, which motivates its use here. Importantly, for the determination of the Collins-
Soper kernel the soft factor always cancels, such that this precise definition does not matter.

The spacelike Wilson lines of B̃q as given in eq. (2.8) and those of S̃q as given in
eq. (2.10) give rise to self energies that yield power law divergences proportional to e�mLtot .
Here, �m is a mass correction that absorbs divergences as a ! 0, and the total lengths of
the Wilson line structures are given by LB

tot = L+ |L� bz|+ bT for B̃q and LS
tot = 4L+2bT

for S̃q, respectively. After combining the quasi beam function with the square root of the
quasi soft function, the Wilson line self-energies yield the overall power-law divergence

e�m
�
LB
tot�

1
2L

S
tot

�
= e��mbz , (bz < L) , (2.13)

which has to be absorbed by Z̃q
uv(bz, µ̃, a). To cancel this divergence on the lattice, the

nonperturbative UV renormalization has to be applied before the Fourier transform, as
shown in eq. (2.7), while in the lightlike case it is independent of bz and can be pulled
out, see eq. (2.1). This distinction is important, implying in the ratio of TMDPDFs the
UV renormalization factor Zq

uv cancel out, whereas this is not possible for ratios of quasi-
TMDPDFs.

2.3 Determination of the Collins-Soper kernel in momentum space

In this section, we briefly review the method proposed in Ref. [118] for calculating the
Collins-Soper kernel from lattice QCD. As discussed in Ref. [118], and in more detail in
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where n
µ = (1,�1,~0?)/(P z + P

t) in (t, z,~b?) coordi-

nates; Wn = W
†
n(�n +~b?)W?Wn(0) is a staple shaped

gauge link along n direction similar to those defined in
Eq. (2), where Wn(⇠) = Pexp

⇥
�ig

R
1

0
n ·A(⇠ + sn)

⇤
.

The same lightcone TMDWF also appears in factoriza-
tion for electromagnetic pion form factor in Ref. [36].

To extract soft functions from the lattice calculable
form factor in Eq. (15), we need to know the lightcone
TMDWF as well. Therefore, we construct a lattice cal-
culable quasi-TMDWF [20],

e�(x, b?, P ) (17)

= lim
L!1

Z
d�

4⇡
e
ix� hP | (zẑ/2 +~b?)e�Wz (�zẑ/2)|⌦ip

ZE(2L, b?, Y = 0)

where � = zP
z and ẑ

µ = (0, 1,~0?); e� can be chosen

as �5�t or �5�z; Wz = W
†
z (zẑ/2 + ~b?)W?Wz(�zẑ/2)

is a staple shaped gauge link along �ẑ direction with

Wz(⇠) = Pexp
h
ig

R
�L�⇠z

0
dsA

z(⇠ + sẑ)
i
pointing to �z

direction. Similar to Eq. (15) and quasi-TMDPDF fac-

torization [37], e� can be factorized into a perturbative
hard kernel and nonperturbative lightcone quantities [35]

e�(x, b?, P ) = H�(x, P )
�(x, b?, P, �)

S2(b?, �, �)
S1(b?, �, Y

0 = 0)

(18)

where � and � are on-lightcone regulators for gauge links
along lightlike P and its conjugate direction, and similar
to Eq. (15) � and � are taking the lightcone limit im-
plicitly. The subscript “1” of the soft function denotes
that one of the rapidity regulators are on-lightcone, and
the other staple-shaped gauge link is along temporal di-
rection indicated by Y

0 = 0. The soft functions S2 and
S1 subtract away the regulator dependencies introduced
in the lightcone TMDWF �. The overall combination in
the right hand side of Eq. (18) is rapidity regularization
scheme independent.

Combining Eqs. (15) and (18), we have

F (b?, P ·P
0)

R
dxdx0H(x, x0, P, P 0)e�(x0, b?, P

0)e�†(x, b?, P )

=
S2(b?, �, �0)

S1(b?, �, Y 0 = 0)S1(b?, Y = 0, �0)
⌘ SI(b?) (19)

where H ⌘ HF (x, x0)/H�(x)H�(x0) is entirely perturba-
tive, and SI is called the intrinsic soft function. Similar to
argument in Ref. [22], the lightcone singularities cancel in
the above combination, therefore the result SI is scheme
independent. It is worth to point out that SI = e

�D in
the o↵-lightcone scheme from Eq. (4) even though D is
scheme dependent in general. The soft functions with on-
lightcone regulator have the asymptotic forms for small
� similar to Eq. (4)

S1(b?, �, Y
0) = e

(Y 0
�ln �)K(b?)+D1(b?)+O(� exp(�Y )) (20)

S2(b?, �, �
0) = e

�(ln ��0)K(b?)+D2(b?)+O(��0)
. (21)

Based on Eq. (19), the Collins-Soper kernels K are can-
celled on the left hand side and we obtain the relation
2D1 � D2 = D. We have explicitly verified this relation
and Eq. (19) at one-loop level.
Similar to Eq. (19), we can show that the cross section

of DY can be factorized by quasi-TMDPDF [35]

d�DY

d2Q?

=

Z
dx dx

0
d
2
b?e

i~b?·~Q? (22)

⇥ �̂(x, x0
, P ·P

0) ef(x, b?, P ) ef(x0
, b?, P

0)SI(b?)

where Q? is the transverse momentum of produced lep-
ton pair, �̂(x, x0

, P ·P
0) is the hard kernel, and

ef(x, b?, P ) (23)

= lim
L!1

Z
d�

4⇡
e
ix� hP | (zẑ/2 +~b?)e�Wz (�zẑ/2)|P i

P z
p

ZE(2L, b?, Y = 0)

is a quasi-TMD parton distribution with definition sim-
ilar to the quasi-TMDWF in Eq. (17). With Eq. (22),
the DY process in low-transverse-momentum region
becomes predictable from first-principle calculations.

Discussion and conclusion.—To implement an actual
calculation of the soft function on lattice, particularly in
the HQET framework, some special considerations need
to be made [28–30]. It is known that the näıve infinite
heavy quark mass limit causes doubling problem, and the
usual technique, such as a Wilson term, can be used to lift
the degeneracy. The UV divergences from the transition
current require renormalization, which can be matched
to the dimensional-regularization scheme, and the veloc-
ity also need to be renormalized due to lattice artifacts.
Moreover, working with large velocity color sources might
have similar challenges as large-momentum hadrons [38].
For the soft function from the light-meson form factor,
various renormalization and matching will also need be
made. For correlators containing staple-shaped gauge
links, the nonperturbative renormalization has been dis-
cussed in Refs. [37, 39, 40]. We reserve a detailed discus-
sion about practicality of lattice calculations to [35].
It shall be remarked that the soft function in the o↵-

lightcone scheme approaches the lightcone limit through
the large rapidity separation

p
(2v · v0)2/v2(v0)2 =p

v+v0�/(v�v+) ! 1 but not through v
2
, (v0)2 ! 0.

A common definition of the universal soft function was
proposed in Refs. [22, 23]. The spacelike vectors u

µ =
�(�, 1, 0, 0) and u

0µ = �
0(��0

, 1, 0, 0) were chosen instead
of timelike v and v

0 to define the soft function for the DY
process. Despite the di↵erent definitions, we can prove
that this soft function is equal to what we defined in
Eq. (1) [35].

There are other e↵orts to propose soft functions on
lattice connecting quasi-TMDPDF to lightcone TMD-
PDF [17–19]. However, the soft function is controlled
by cusp anomalous dimension at large hyperbolic angle,
while other proposed soft functions are composed by Eu-
clidean gauge links with circular angle which cannot be

F
�̃

S̃q =
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Using Eq. (4.15) to combine the bent quasi soft function from Eq. (4.27) together with
the natural quasi beam function from Eq. (4.2) we obtain a new quasi-TMDPDF
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Comparing this result to the TMDPDF at one loop yields
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where have again fixed ⇣ = (2xP z)2 as explained previously. Since there is no bT dependence
on the RHS of Eq. (4.30), we see that all infrared logarithms of the TMDPDF are correctly
reproduced by this quasi-TMDPDF construction at one loop. Thus this construction obeys
the matching relation given in Eq. (3.6) with a one loop result for the matching coefficient
that is given by

C
TMD
qq0

�
µ, xP
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(4.31)

Here, we ignore possible mixing of quarks with gluons. Then since mixing of quark flavors
can first arise at two loops, the one-loop coefficient is proportional to �qq0 . This result
provides a valid one-loop perturbative matching coefficient, which only depends on the
hard scale of the struck parton, xP z.

Assuming the validity of this quasi-TMDPDF construction beyond one loop, Eq. (4.31)
can be used to match the lattice quasi-TMDPDF to the TMDPDF. To obtain the required
input for this result one combines lattice calculations of the natural quasi beam function
and bent quasi soft function to obtain a lattice quasi-TMDPDF, which is then converted
into the MS scheme. Results for matching in more lattice friendly renormalization schemes
should be straightforward to derive following a similar approach to the one used here (see
e.g. [57, 65]).

5 Results and Outlook

In this section, we briefly summarize the impact of our calculations in the previous sections
for the matching between quasi-TMDPDF and TMDPDF, and what questions remain open
for further study. Without relying on the existence of a quasi soft function that yields the
correct infrared physics for a quasi-TMDPDF, we also discuss precisely what constraints
on TMDPDFs can still be rigorously derived from lattice calculations.
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Using Eq. (4.15) to combine the bent quasi soft function from Eq. (4.27) together with
the natural quasi beam function from Eq. (4.2) we obtain a new quasi-TMDPDF
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Comparing this result to the TMDPDF at one loop yields
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where have again fixed ⇣ = (2xP z)2 as explained previously. Since there is no bT dependence
on the RHS of Eq. (4.30), we see that all infrared logarithms of the TMDPDF are correctly
reproduced by this quasi-TMDPDF construction at one loop. Thus this construction obeys
the matching relation given in Eq. (3.6) with a one loop result for the matching coefficient
that is given by
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Here, we ignore possible mixing of quarks with gluons. Then since mixing of quark flavors
can first arise at two loops, the one-loop coefficient is proportional to �qq0 . This result
provides a valid one-loop perturbative matching coefficient, which only depends on the
hard scale of the struck parton, xP z.

Assuming the validity of this quasi-TMDPDF construction beyond one loop, Eq. (4.31)
can be used to match the lattice quasi-TMDPDF to the TMDPDF. To obtain the required
input for this result one combines lattice calculations of the natural quasi beam function
and bent quasi soft function to obtain a lattice quasi-TMDPDF, which is then converted
into the MS scheme. Results for matching in more lattice friendly renormalization schemes
should be straightforward to derive following a similar approach to the one used here (see
e.g. [57, 65]).

5 Results and Outlook

In this section, we briefly summarize the impact of our calculations in the previous sections
for the matching between quasi-TMDPDF and TMDPDF, and what questions remain open
for further study. Without relying on the existence of a quasi soft function that yields the
correct infrared physics for a quasi-TMDPDF, we also discuss precisely what constraints
on TMDPDFs can still be rigorously derived from lattice calculations.
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shaped Wilson lines as defined in Eq. (2), is defined by
the condition

Z
�1

q (pR)ZRI
0/MOM

O��0 (pR)⇤O�0
↵� (p)

��
pµ=pµ

R
= ⇤O�;tree

↵� (p) ,

(7)
relating the bare and tree-level values of the operator’s
amputated Green’s function in an o↵-shell quark state in
the Landau gauge:

⇤O�(p) = S
�1(p)GO�(p)S�1(p) , (8)

where G
O� denotes the Green’s function for operator O�

with Dirac structure �, which implicitly depends on the
staple extent ⌘ and displacement between staple end-
points b

µ, and S(p) is the quark propagator projected to
momentum p. All quantities appearing on the left-hand-
side of Eq. (7) implicitly depend on the lattice spacing;
this dependence is suppressed in the following discussion.
In Eq. (7),

p
p2R acts a non-perturbative renormalization

scale; however, since the operator O
q
�

is nonlocal and
frame dependent, the magnitude of p

µ
R alone is not suf-

ficient to specify the renormalization condition. Di↵er-
ent directions in p

µ
R amount to di↵erent renormalization

schemes, which are related by finite renormalization fac-

tors. As a result, Z
RI

0/MOM

O��0 (pR) depends on p
µ
R rather

than only its magnitude.
In a calculation with lattice volume V = L

3
⇥T and lat-

tice spacing a, the non-amputated quark-quark Green’s
function with one insertion of the operator O� is
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1

V

X

z

h�5S
†(p,b + z)�5fW (⌘; b + z,z)

�

2
S(p,z)i↵� ,

(10)
using the quark propagator

S↵�(p, x) =
X

y

e
�ip·y

hq↵(x)q̄�(y)i, (11)

S↵�(p) =
1

V

X

x

e
ip·x

S↵�(p, x). (12)

The quark wavefunction renormalization Zq is defined via

Zq(pR)S(p)
��
p2=p2

R
= S

tree(p) (13)

=) Zq(pR) =
1

12
Tr

⇥
S
�1(p)Stree(p)

⇤ ����
p2=p2

R

, (14)

computed as

Zq(pR) =
Tr

⇥
i
P

� �� sin(ap�)S�1(p)
⇤

12
P

� sin2(ap�)

����
p2=p2

R

. (15)

In terms of the projected vertex function

V
O��0 (p) ⌘ Tr

⇥
⇤O�(p)�0

⇤
, (16)

the RI0/MOM condition in Eq. (7), for an operator O�

with endpoints separated by b
µ, can be expressed as

Z
�1

q (pR)ZRI
0/MOM

O��00 (pR)VO�00�0 (p)
��
pµ=pp

R

= Tr
h
⇤O�
tree

(pR)�0

i
= 6e

ipR·b
�
��

0
, (17)

which yields an expression for the matrix of renormaliza-
tion factors at pR:

⇣
Z

RI
0/MOM

O��0 (pR)
⌘�1

=
V
O��0 (p)

6eipR·bZq(pR)

����
pµ=pp

R

. (18)

B. Conversion to the MS scheme

Since the renormalized matrix element in the
RI0/MOM scheme is independent of the UV regulator,
it di↵ers from the result in the continuum limit only
by discretization e↵ects at finite lattice spacing. The
RI0/MOM matrix element can thus be matched to the
MS scheme in continuum perturbation theory, and then
extrapolated to the continuum limit using nonperturba-
tive calculations at di↵erent values of a.

Elements of the matrix of matching coe�cients
R

MS

O��0 (µ, pR) in Eq. (6) have been calculated at one-loop
order in continuum perturbation theory with dimensional
regularization (D = 4 � 2✏) for operators O� with both
b
z = 0 [55] and b

z
6= 0 [30]. This matching matrix can

be expressed as

R
MS

O��0 (µ, pR) = Z
MS

O
(✏, µ)

h
Z̃

RI
0/MOM

O
(pR, µ, ✏)�1

i

��0
,

(19)

where Z̃
RI

0/MOM

O;��00 (pR, µ, ✏) is the perturbatively-computed

RI0/MOM renormalization factor for the quasi beam

function, defined in Eq. (18). The factor Z
MS(✏, µ) is

gauge-invariant and universal for all Dirac structures
� [30, 55]:

Z
MS

O
(✏, µ) = 1 �

↵scf

4⇡

7

✏
+ O(↵2

s) , (20)

where cf = 4/3.

For � = �
�, the matching coe�cient R

MS

���0 has been

calculated for all projectors �0 at one-loop order [30]. The
results are summarized here for completeness:

R
MS

��,1(µ, pR) = R
MS

��,�5(µ, pR) = R
MS

��,�µ⌫ (µ, pR) = 0 ,

(21)

R
MS

��,�⇢(µ, pR) = 1+

2

4V
(1)

��,�⇢(pR, µ)

6eipR·b
�Z

(1)

q (pR, µ)��⇢

3

5 ,

(22)

R
MS

��,�⇢�5
(µ, pR) =

V
(1)

��,�⇢�5
(pR, µ)

6eipR·b
, (23)

a=0.04, 0.06, 0.08 fm
volume ~ 2 fm

nf=0 (quenched) 
improved Wilson fermions 
smearing (Wilson flow) on gauge links

m� � 1.2 GeV, 340 MeV

full 16x16 mixing matrix
various L, bT, bz, pR
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ular reduces some o↵-diagonal elements of the renormal-
ization matrix significantly more than others, such that
one-loop lattice perturbation theory (with an unflowed
action) describes the unflowed mixing pattern somewhat
better than the flowed mixing pattern.

B. Renormalization results

The row of the MS renormalization matrix for bare
quasi beam functions with operator Dirac structure � =
�4 is su�cient to determine MS-renormalized matrix el-
ements of OMS

�4
, given bare matrix elements O

latt

�
for all

16 choices of �. These MS renormalization factors are
defined from the nonperturbatively computed RI0/MOM
factor and the perturbative one-loop matching by

Z
MS

O�4�
(µ, pR) = R̃

MS

�4�
0(µ, pR)ZRI

0/MOM

O�0�
(pR), (27)

where the left hand side is independent of the choice of pR

up to discretization e↵ects, nonperturbative e↵ects that
vanish at asymptotically large p

2

R, and neglected two-loop

perturbative matching corrections. Here, Z
MS

O�4�
(µ, pR)

implicitly includes the quasi soft factor included in
R̃

MS

�4�
0(µ, pR) (and thus di↵ers from Z

MS

O�4�
(µ, pR) defined

in Eq. (5) by terms which cancel in suitable ratios of

renormalized TMDPDFs), and both Z
MS

O�4�
(µ, pR) and

Z
RI

0/MOM

O�0�
(pR) implicitly depend on a. This renormal-

ization factor is computed for each choice of � with each
of the 10 pR shown in Table II, for staple-shaped opera-
tors with �⌘ < bT < ⌘, �⌘  b

z
 ⌘, for three values of

⌘ on each ensemble shown in Table I.

To determine Z
MS

O�4�
from numerical results at di↵er-

ent choices of pR, one could fit the data to a model of
the discretization e↵ects in the renormalization matrix.
However, statistical noise in the nonlocal operator renor-
malization grows exponentially with the length of the
Wilson line; in the present study it is not possible to
constrain discretization e↵ects from the 10 momenta used
for all but the smallest nonlocal operator separations. In
particular Bayes and Akaike information criteria prefer
constant fits to more complicated fit forms including the
leading discretization artifacts in the data (the functional
form of these e↵ects is made explicit in Appendix A).
Moreover, the covariance matrices for nonlocal operators
are not reliably estimated from the current data.

Rather than performing uncorrelated fits to correlated
results, weighted averages are used to remove residual pR

�

�

�
� � � � �

�
�

� � � � �
�

� �

5 10 15 20
2.05

2.10

2.15

2.20

FIG. 8: Numerical results for ZRI
0/MOM

O�4�4
(pR) and

ZMS

O�4�4
(µ, pR) for the E32 ensemble with ⌘/a = 10,

bz/a = 3, bT /a = �4, µ = 2 GeV, are displayed as orange
circles and blue squares, respectively. Results at ten choices
of pR given in Table II are shown. The blue shaded band
shows the result of the weighted average in Eq. (28) for

ZMS

O�4�4
(µ)± �ZMS

O�4�4
(µ).

dependence,

Z
MS

O�4�
(µ) =

X

n

wnZ
MS

O�4�
(µ, p

n
R) ,

�statZ
MS

O�4�
(µ)2 =

X

n

wn�Z
MS

O�4�
(µ, p

n
R)2 ,

�sysZ
MS

O�4�
(µ)2 =

X

n

⇣
Z

MS

O�4�
(µ) � Z

MS

O�4�
(µ, p

n
R)

⌘2

,

�Z
MS

O�4�
(µ)2 = �statZ

MS

O�4�
(µ)2 + �sysZ

MS

O�4�
(µ)2,

(28)

where the weights are chosen to sum to unity and to be
proportional to the inverse variance of the result for each
momentum:

wn =
w̃nP
n w̃n

, w̃n =
1

�ZMS

O�4�
(µ, pn

R)2
. (29)

The central value of this weighted average is identical to
the central value of an uncorrelated fit and ensures that
the fit is constrained most heavily by the most precise
data. The inverse variance of this weighted average is
the average inverse variance of the data, while the inverse
variance of an uncorrelated �

2-minimization fit is equal
to the same quantity times the number of data points.
Uncorrelated fits to correlated data therefore lead to a
spurious reduction in the uncertainty of the fit result that
is avoided by Eq. (28). The systematic uncertainty term
in Eq. (28) is included to reflect the uncertainty arising
from unresolved discretization and nonperturbative ef-
fects. The resulting systematic error on Z

MS

O�4�4
is < 15%

in all cases; for all but the largest Wilson line extents
the systematic uncertainty is . 2%. Similar results hold
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nf=0 (quenched) simulation
Exploits universality:  uses 1.2 GeV pseudoscalar meson P z = 1.9 GeV, 2.6 GeV

4

Label � a [fm] L3
⇥ T  nsrc ncfg

E32 6.3017 0.06 323 ⇥ 64 0.1222 2 200

TABLE I: The ensemble of quenched QCD gauge field con-
figurations used in this work [41, 42]. The lattice spacing a is
determined from an analysis of scale setting in Ref. [43], and
the lattice geometry parameters L and T are specified in units
of a. For operator structures with Dirac index � = �4, ncfg

configurations are analyzed, with nsrc source locations chosen
on each. For other operator Dirac structures � 6= �4, a sub-
set with 25 configurations is analyzed, with 1 source location
computed on each.

Several observations are pertinent to the computation
of the Collins-Soper evolution kernel by Eq. (10). First,
since the kernel is independent of the external state [32],
one may calculate the quasi beam functions in the state
with the best signal-to-noise properties in a lattice QCD
calculation, e.g., for the pion. In a quenched calculation,
a heavier-than-physical valence quark mass can be cho-
sen for the same reason. Moreover, since although the
kernel is state-independent, the power-corrections to the
kernel are not, and so variation of the choice of exter-
nal state, and external state momenta, provides a test of
systematic e↵ects in a numerical calculation. Second, the
Collins-Soper kernel does not depend on the longitudinal
momentum fraction x or on the hadron momenta P z

i , at
O (bT /⌘, 1/(bT P z)). Although the truncation in the bz-
space Fourier integral will induce oscillatory behavior in
x-space, varying these parameters provides insight into
these additional systematic uncertainties.

An alternative approach to extracting the Collins-
Soper kernel by transforming the product of the match-
ing coe�cient and MS quasi beam function in Eq. (10)
into a convolution integral in bz-space was advocated in
Ref. [34]. Appendix E provides an investigation of this
approach and finds that it su↵ers from significant sys-
tematic uncertainties.

III. LATTICE QCD STUDY

The Collins-Soper evolution kernel is computed by
Eq. (10) in a lattice QCD calculation using a single
quenched ensemble, detailed in Table I. The calculation
is undertaken on gauge fields that have been subjected
to Wilson flow to flow-time t = 1.0 [44], in order to in-
crease the signal-to-noise ratio of the numerical results,
and gauge-fixed to Landau gauge, in order to permit the
use of gauge non-invariant quark wall sources. Quasi
beam functions are constructed for a pion external state
using valence quark propagators that are computed with
the tree-level O(a) improved Wilson clover fermion ac-
tion [45] and a  value that corresponds to a heavy pion
mass of 1.207(3) GeV. This choice may be made with-
out introducing systematic bias, since the Collins-Soper
kernel is independent of state. Three external state mo-
menta are studied, ~P = P z~ez with P z = nz2⇡/L for

FIG. 2: E↵ective energy function defined by Eq. (14) for

pion states with momenta |~P | = nz2⇡/L. Shaded bands dis-
play the result of single-exponential fits to the two-point cor-
relation functions for each non-zero momentum, and a two-
exponential fit at zero momentum; the number of states in
each fit is chosen to maximize an information criterion as de-
scribed in the text, and the fit ranges shown correspond to
the highest-weight fits in the weighted average over successful
two-point function fits as discussed in Appendix A.

nz 2 {2, 3, 4}, corresponding to P z 2 {1.29, 1.94, 2.58}
GeV, allowing the kernel to be computed from three
di↵erent momentum ratios. To improve the overlap
of boosted pion interpolating operators onto their re-
spective ground states and improve statistical precision,
a combination of wall sources and momentum-smeared
sinks [46] are used to construct two-point and three-point
correlation functions.

Bare quasi beam functions Bbare
� (bz,~bT , a, ⌘, P z) are

extracted for non-local quark bilinear operators (Eq. (6))
with Wilson line staple geometries defined by staple
extents ⌘ ranging between 0.6 and 0.8 fm (⌘/a 2
{10, 12, 14}), and with staple widths and asymmetries
corresponding to |bT | and bz ranging from �(⌘ � a)
to (⌘ � a). In order for the mixing contributions to
Eq. (10) to be consistently included, bare quasi beam
functions are computed for all Dirac operator structures
�. As detailed in the caption of Table I, however, lower
statistics are used for operators with Dirac structures
� 6= �4, whose contributions to the Collins-Soper kernel
are suppressed by the renormalization factors. Previ-
ously, the 16-dimensional vector of MS renormalization
factors ZMS

O�4�0
(µ, bz,~bT , a, ⌘) was computed for the same

ensemble and operator parameters as studied here [39],
and those results are used in this work.

The two-point correlation function for the pion, pro-
jected to a given three-momentum ~P , is defined as:

C2pt(t, ~P ) =
X

~x

ei~P ·~xh0|⇡~P,S(~x, t)⇡†

~P,W
(0)|0i

t�0�!
Z~P

2aE~P

e�E~P t + . . . , (13)

where Z~P denotes the combination of overlap fac-

8

�
�

�

�
���

�

�

�

�

�
���

�

�

�

�

�
���

�

�

�

��
�

�

�
���

�

�

�

�

�
���

�

�

�

�

�
���

�

�

�

�

-30 -20 -10 0 10 20 30

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

(a)

(b)

FIG. 6: Examples of fits to the averaged renormalized quasi

beam functions B
MS
�4 (µ, bz, bT , a, P

z) using functional forms
based on Hermite and Bernstein polynomials (Eqs. (17-18)).
Further examples of fits at di↵erent choices of the bT and P z

parameters are shown in Appendix C.

Fourier transform of FHerm
N (P z, bzP z; {ak}, �, !, �) with

respect to bzP z to be complex, and correspondingly en-
ables FHerm

N (P z, bzP z; {ak}, �, !, �) to be an asymmetric
function of bzP z. The real and imaginary parts of the
quasi beam function are symmetric and antisymmetric
functions of bz respectively in the ⌘ ! 1 limit; how-
ever, the numerical results presented in this work show
significant departures from these expectations, particu-
larly for large bT , as shown in Fig. 5(b). The observed
asymmetry could arise from finite-volume e↵ects: e↵ec-
tive field theory calculations [49] have demonstrated that
finite-volume e↵ects for pion matrix elements of non-
local operators with separation ` generically take the
form e�m⇡(L�`). In this work, one therefore expects bz-
dependent finite-volume e↵ects of the form e�m⇡(L�⌘+bz)

as well as additional bz independent finite-volume ef-
fects. In addition, exponential dependence on bz could
arise from an imperfect cancellation between power-law-
divergent lattice artifacts in Bbare

� (bz,~bT , a, ⌘, P z) and

ZMS
O�4�

(µ, bz,~bT , a, ⌘)R̃(bT , bR
T , a, ⌘). Taking Im(!) 6= 0 al-

lows the fit form in Eq. (17) to include exponential depen-
dence on bz and is found to significant improve the quality
of fits to the numerical results with large bT & 0.5 fm.

The second model considered assumes that the Fourier
transform of the quasi beam function has compact sup-
port on the interval 0 < x < 1 [30, 31, 33], which is
expected to become valid for large P z, and takes the
form

FBern
N (P z, bzP z; {ar

n}, �, A, B)

=
N�1X

r=0

ar

Z 1

0
dx ei(bzP z)x xA(1 � x)B(P zx)�Br,N�1(x) ,

(18)

where Br,N�1, for r 2 {0, . . . N � 1} are the N Bern-
stein basis polynomials of degree N � 1 normalized as
in Ref. [50], and asymmetry in bz is accommodated by
taking Im(ar) 6= 0.

Using either functional form, FHerm
N or FBern

N , as a

model for B
MS
�4 , and evaluating Eq. (10) with the tree-

level matching factor CTMD
ns = 1, gives the result �q,MS

⇣ =
�, where � is the model parameter appearing in Eqs. (17)-
(18). That is, the resulting Collins-Soper kernel is in-
dependent of x by construction. The full procedure by
which each functional form is fit to the numerical results
for the quasi beam function is described in Appendix C,
and examples of the resulting fits are shown both in Fig. 6
and in Appendix C. Briefly, the fits are undertaken simul-
taneously at all P z and bz values for a given bT , and an
information criterion is used to choose the model trunca-
tion N for each fit. While both models fit the quasi beam
function well within the range of P zbz values constrained
by the lattice data (with an average �2/Ndof over all fits
of 0.9, tabulated in Appendix C), it is clear from Fig. 6
that they correspond to substantially di↵erent models
outside this range.

The Collins-Soper kernel determined from each set of
model fits is shown in Fig. 7. The results obtained us-
ing the two model forms, i.e., the Hermite polynomial
model, in which the quasi beam function has support on
�1 < x < 1, and the Bernstein polynomial model,
with support on 0 < x < 1, are consistent. This en-

couragingly suggests that �q,MS
⇣ is well-constrained by

the numerical results at the P z and bz values of this cal-
culation, and that the model-dependence introduced in
the Fourier transform is relatively mild. Perturbative
results for the 0-flavor Collins-Soper kernel [47, 48] are
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FIG. 6: Examples of fits to the averaged renormalized quasi

beam functions B
MS
�4 (µ, bz, bT , a, P

z) using functional forms
based on Hermite and Bernstein polynomials (Eqs. (17-18)).
Further examples of fits at di↵erent choices of the bT and P z

parameters are shown in Appendix C.

Fourier transform of FHerm
N (P z, bzP z; {ak}, �, !, �) with

respect to bzP z to be complex, and correspondingly en-
ables FHerm

N (P z, bzP z; {ak}, �, !, �) to be an asymmetric
function of bzP z. The real and imaginary parts of the
quasi beam function are symmetric and antisymmetric
functions of bz respectively in the ⌘ ! 1 limit; how-
ever, the numerical results presented in this work show
significant departures from these expectations, particu-
larly for large bT , as shown in Fig. 5(b). The observed
asymmetry could arise from finite-volume e↵ects: e↵ec-
tive field theory calculations [49] have demonstrated that
finite-volume e↵ects for pion matrix elements of non-
local operators with separation ` generically take the
form e�m⇡(L�`). In this work, one therefore expects bz-
dependent finite-volume e↵ects of the form e�m⇡(L�⌘+bz)

as well as additional bz independent finite-volume ef-
fects. In addition, exponential dependence on bz could
arise from an imperfect cancellation between power-law-
divergent lattice artifacts in Bbare

� (bz,~bT , a, ⌘, P z) and

ZMS
O�4�

(µ, bz,~bT , a, ⌘)R̃(bT , bR
T , a, ⌘). Taking Im(!) 6= 0 al-

lows the fit form in Eq. (17) to include exponential depen-
dence on bz and is found to significant improve the quality
of fits to the numerical results with large bT & 0.5 fm.

The second model considered assumes that the Fourier
transform of the quasi beam function has compact sup-
port on the interval 0 < x < 1 [30, 31, 33], which is
expected to become valid for large P z, and takes the
form

FBern
N (P z, bzP z; {ar

n}, �, A, B)

=
N�1X

r=0

ar

Z 1

0
dx ei(bzP z)x xA(1 � x)B(P zx)�Br,N�1(x) ,

(18)

where Br,N�1, for r 2 {0, . . . N � 1} are the N Bern-
stein basis polynomials of degree N � 1 normalized as
in Ref. [50], and asymmetry in bz is accommodated by
taking Im(ar) 6= 0.

Using either functional form, FHerm
N or FBern

N , as a

model for B
MS
�4 , and evaluating Eq. (10) with the tree-

level matching factor CTMD
ns = 1, gives the result �q,MS

⇣ =
�, where � is the model parameter appearing in Eqs. (17)-
(18). That is, the resulting Collins-Soper kernel is in-
dependent of x by construction. The full procedure by
which each functional form is fit to the numerical results
for the quasi beam function is described in Appendix C,
and examples of the resulting fits are shown both in Fig. 6
and in Appendix C. Briefly, the fits are undertaken simul-
taneously at all P z and bz values for a given bT , and an
information criterion is used to choose the model trunca-
tion N for each fit. While both models fit the quasi beam
function well within the range of P zbz values constrained
by the lattice data (with an average �2/Ndof over all fits
of 0.9, tabulated in Appendix C), it is clear from Fig. 6
that they correspond to substantially di↵erent models
outside this range.

The Collins-Soper kernel determined from each set of
model fits is shown in Fig. 7. The results obtained us-
ing the two model forms, i.e., the Hermite polynomial
model, in which the quasi beam function has support on
�1 < x < 1, and the Bernstein polynomial model,
with support on 0 < x < 1, are consistent. This en-

couragingly suggests that �q,MS
⇣ is well-constrained by

the numerical results at the P z and bz values of this cal-
culation, and that the model-dependence introduced in
the Fourier transform is relatively mild. Perturbative
results for the 0-flavor Collins-Soper kernel [47, 48] are
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(a) (b)

(c) (d)

FIG. 4: Renormalized quasi beam function BMS
�4 (µ, bz,~bT , a, ⌘, b

R
T , P

z) in Eq. (11) (right column), and the same quantity

divided by the factor R̃(bT , b
R
T , a, ⌘) in Eq. (12) (left column), similarly averaged, for various parameter choices. The horizontal

shaded bands show the results of constant fits in bRT and ⌘ to the renormalized quasi beam function as a function of bz and P z

(at the fixed a of the calculation), as described in the text.
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FIG. 5: Averaged renormalized quasi beam function B
MS
�4 (µ, bz, bT , a, P

z = nz2⇡/L) at small (a) and large (b) bT , after

averaging over directions of ~bT , and weighted averaging over bRT and ⌘, as detailed in Appendix C. Further examples of the
averaged renormalized quasi beam functions at di↵erent choices of bT are also given in Appendix C.

Renormalized 
quasi- 

Beam Fn.

Fits to facilitate 
Fourier transform

Includes nonperturbative renormalization

30



Lattice Results for Rapidity Anomalous Dimension

P z = 1.9 GeV, 2.6 GeV

9

FIG. 7: Collins-Soper evolution kernel obtained using fits to the renormalized quasi beam functions based on Hermite and
Bernstein polynomial bases (Eqs. (17-18)), computed as described in the text. The background shading density is proportional
to 1/(bTP

z) + bT /⌘, indicating regions of greater and lesser sensitivity to power corrections which are not included in the
uncertainties presented. The black dotted, dashed and solid lines show perturbative results for the 0-flavor Collins-Soper kernel
up to three-loop order [47, 48]. Perturbative results become singular at bT ⇠ 0.25 fm because they reach the Landau pole

associated with ⇤
MS,Nf=0

QCD = 639 MeV.

(a) (b)

FIG. 8: Fractional truncation e↵ects in the MS-renormalized quasi beam functions, defined by Eq. (19), evaluated at x = 0.5
for two di↵erent bT values shown. The red vertical line denotes the maximum bz used in this study; the vertical axis range
corresponds to the P z range of this study.
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Label � a [fm] L3
⇥ T  nsrc ncfg

E32 6.3017 0.06 323 ⇥ 64 0.1222 2 200

TABLE I: The ensemble of quenched QCD gauge field con-
figurations used in this work [41, 42]. The lattice spacing a is
determined from an analysis of scale setting in Ref. [43], and
the lattice geometry parameters L and T are specified in units
of a. For operator structures with Dirac index � = �4, ncfg

configurations are analyzed, with nsrc source locations chosen
on each. For other operator Dirac structures � 6= �4, a sub-
set with 25 configurations is analyzed, with 1 source location
computed on each.

Several observations are pertinent to the computation
of the Collins-Soper evolution kernel by Eq. (10). First,
since the kernel is independent of the external state [32],
one may calculate the quasi beam functions in the state
with the best signal-to-noise properties in a lattice QCD
calculation, e.g., for the pion. In a quenched calculation,
a heavier-than-physical valence quark mass can be cho-
sen for the same reason. Moreover, since although the
kernel is state-independent, the power-corrections to the
kernel are not, and so variation of the choice of exter-
nal state, and external state momenta, provides a test of
systematic e↵ects in a numerical calculation. Second, the
Collins-Soper kernel does not depend on the longitudinal
momentum fraction x or on the hadron momenta P z

i , at
O (bT /⌘, 1/(bT P z)). Although the truncation in the bz-
space Fourier integral will induce oscillatory behavior in
x-space, varying these parameters provides insight into
these additional systematic uncertainties.

An alternative approach to extracting the Collins-
Soper kernel by transforming the product of the match-
ing coe�cient and MS quasi beam function in Eq. (10)
into a convolution integral in bz-space was advocated in
Ref. [34]. Appendix E provides an investigation of this
approach and finds that it su↵ers from significant sys-
tematic uncertainties.

III. LATTICE QCD STUDY

The Collins-Soper evolution kernel is computed by
Eq. (10) in a lattice QCD calculation using a single
quenched ensemble, detailed in Table I. The calculation
is undertaken on gauge fields that have been subjected
to Wilson flow to flow-time t = 1.0 [44], in order to in-
crease the signal-to-noise ratio of the numerical results,
and gauge-fixed to Landau gauge, in order to permit the
use of gauge non-invariant quark wall sources. Quasi
beam functions are constructed for a pion external state
using valence quark propagators that are computed with
the tree-level O(a) improved Wilson clover fermion ac-
tion [45] and a  value that corresponds to a heavy pion
mass of 1.207(3) GeV. This choice may be made with-
out introducing systematic bias, since the Collins-Soper
kernel is independent of state. Three external state mo-
menta are studied, ~P = P z~ez with P z = nz2⇡/L for

FIG. 2: E↵ective energy function defined by Eq. (14) for

pion states with momenta |~P | = nz2⇡/L. Shaded bands dis-
play the result of single-exponential fits to the two-point cor-
relation functions for each non-zero momentum, and a two-
exponential fit at zero momentum; the number of states in
each fit is chosen to maximize an information criterion as de-
scribed in the text, and the fit ranges shown correspond to
the highest-weight fits in the weighted average over successful
two-point function fits as discussed in Appendix A.

nz 2 {2, 3, 4}, corresponding to P z 2 {1.29, 1.94, 2.58}
GeV, allowing the kernel to be computed from three
di↵erent momentum ratios. To improve the overlap
of boosted pion interpolating operators onto their re-
spective ground states and improve statistical precision,
a combination of wall sources and momentum-smeared
sinks [46] are used to construct two-point and three-point
correlation functions.

Bare quasi beam functions Bbare
� (bz,~bT , a, ⌘, P z) are

extracted for non-local quark bilinear operators (Eq. (6))
with Wilson line staple geometries defined by staple
extents ⌘ ranging between 0.6 and 0.8 fm (⌘/a 2
{10, 12, 14}), and with staple widths and asymmetries
corresponding to |bT | and bz ranging from �(⌘ � a)
to (⌘ � a). In order for the mixing contributions to
Eq. (10) to be consistently included, bare quasi beam
functions are computed for all Dirac operator structures
�. As detailed in the caption of Table I, however, lower
statistics are used for operators with Dirac structures
� 6= �4, whose contributions to the Collins-Soper kernel
are suppressed by the renormalization factors. Previ-
ously, the 16-dimensional vector of MS renormalization
factors ZMS

O�4�0
(µ, bz,~bT , a, ⌘) was computed for the same

ensemble and operator parameters as studied here [39],
and those results are used in this work.

The two-point correlation function for the pion, pro-
jected to a given three-momentum ~P , is defined as:

C2pt(t, ~P ) =
X

~x

ei~P ·~xh0|⇡~P,S(~x, t)⇡†

~P,W
(0)|0i

t�0�!
Z~P

2aE~P

e�E~P t + . . . , (13)

where Z~P denotes the combination of overlap fac-

(1 GeV)-1(2 GeV)-1

nf=0 (quenched) simulation
Exploits universality:  uses 1.2 GeV pseudoscalar meson
Includes nonperturbative renormalization

P. Shanahan, M. Wagman, Y. Zhao arXiv:2003.06063

Larger 1/(bT P z) power corrections

31

(not included in error bars)

Result for Nonperturbative TMD 
Rapidity Anomalous Dimension 

(nf=0)



8

FIG. 7: Collins-Soper evolution kernel obtained using fits to the renormalized quasi beam functions based on Hermite and
Bernstein polynomial bases (Eqs. (16-17)), computed as described in the text. The background shading density is proportional
to 1/(bTP

z) + bT /⌘, indicating regions of greater and lesser sensitivity to power corrections which are not included in the
uncertainties presented. The black dotted, dashed and solid lines show perturbative results for the 0-flavor Collins-Soper kernel
up to three-loop order [47, 48]. Perturbative results become singular at bT ⇠ 0.25 fm because they reach the Landau pole

associated with ⇤
MS,Nf=0

QCD = 639 MeV.

e↵ects are thus neglected in this work. While a model-
independent result for the Collins-Soper kernel cannot be
achieved from the data presented here, the comparison
between results obtained using the two di↵erent models
considered nevertheless provides some indication of the
severity of the model-dependence, and the quality of fits
to these functional forms not including power corrections
also provides a measure of their importance.

The first functional form which is fit to the MS-
renormalized quasi beam function is

FHerm
N (P z, bzP z; {ak}, �, !, �)

=
NX

k=1

ak

Z
1

�1

dx ei(bzP z)xe�(x�!)2/2�(P zx)�Hk�1(x),

(16)

where Hn(x) is the n-th Hermite polynomial. The fit
parameter ! is taken to be complex, while the other
free parameters are real. Allowing Im(!) 6= 0 allows the
Fourier transform of FHerm

N (P z, bzP z; {ak}, �, !, �) with
respect to bzP z to be complex, and correspondingly en-
ables FHerm

N (P z, bzP z; {ak}, �, !, �) to be an asymmetric
function of bzP z. The real and imaginary parts of the
quasi beam function are symmetric and antisymmetric
functions of bz respectively in the ⌘ ! 1 limit; how-
ever, the numerical results presented in this work show
significant departures from these expectations, particu-
larly for large bT , as shown in Fig. 5(b). The observed
asymmetry could arise from finite-volume e↵ects: e↵ec-
tive field theory calculations [49] have demonstrated that
finite-volume e↵ects for pion matrix elements of non-

local operators with separation ` generically take the
form e�m⇡(L�`). In this work, one therefore expects bz-
dependent finite-volume e↵ects of the form e�m⇡(L�⌘+bz)

as well as additional bz independent finite-volume ef-
fects. In addition, exponential dependence on bz could
arise from an imperfect cancellation between power-law-
divergent lattice artifacts in Bbare

� (bz,~bT , a, ⌘, P z) and

ZMS
O�4�

(µ, bz,~bT , a, ⌘)R̃(bT , bR
T , a, ⌘). Taking Im(!) 6= 0 al-

lows the fit form in Eq. (16) to include exponential depen-
dence on bz and is found to significant improve the quality
of fits to the numerical results with large bT & 0.5 fm.

The second model considered assumes that the Fourier
transform of the quasi beam function has compact sup-
port on the interval 0 < x < 1 [30, 31, 33], which is
expected to become valid for large P z, and takes the
form

FBern
N (P z, bzP z; {ar

n}, �, A, B)

=
N�1X

r=0

ar

Z 1

0
dx ei(bzP z)x xA(1 � x)B(P zx)�Br,N�1(x) ,

(17)

where Br,N�1, for r 2 {0, . . . N � 1} are the N Bern-
stein basis polynomials of degree N � 1 normalized as
in Ref. [50], and asymmetry in bz is accommodated by
taking Im(ar) 6= 0.

Using either functional form, FHerm
N or FBern

N , as a

model for B
MS
�4 , and evaluating Eq. (11) with the tree-

level matching factor CTMD
ns = 1, gives the result �q,MS

⇣ =

8

FIG. 7: Collins-Soper evolution kernel obtained using fits to the renormalized quasi beam functions based on Hermite and
Bernstein polynomial bases (Eqs. (16-17)), computed as described in the text. The background shading density is proportional
to 1/(bTP

z) + bT /⌘, indicating regions of greater and lesser sensitivity to power corrections which are not included in the
uncertainties presented. The black dotted, dashed and solid lines show perturbative results for the 0-flavor Collins-Soper kernel
up to three-loop order [47, 48]. Perturbative results become singular at bT ⇠ 0.25 fm because they reach the Landau pole

associated with ⇤
MS,Nf=0

QCD = 639 MeV.

e↵ects are thus neglected in this work. While a model-
independent result for the Collins-Soper kernel cannot be
achieved from the data presented here, the comparison
between results obtained using the two di↵erent models
considered nevertheless provides some indication of the
severity of the model-dependence, and the quality of fits
to these functional forms not including power corrections
also provides a measure of their importance.

The first functional form which is fit to the MS-
renormalized quasi beam function is

FHerm
N (P z, bzP z; {ak}, �, !, �)

=
NX

k=1

ak

Z
1

�1

dx ei(bzP z)xe�(x�!)2/2�(P zx)�Hk�1(x),

(16)

where Hn(x) is the n-th Hermite polynomial. The fit
parameter ! is taken to be complex, while the other
free parameters are real. Allowing Im(!) 6= 0 allows the
Fourier transform of FHerm

N (P z, bzP z; {ak}, �, !, �) with
respect to bzP z to be complex, and correspondingly en-
ables FHerm

N (P z, bzP z; {ak}, �, !, �) to be an asymmetric
function of bzP z. The real and imaginary parts of the
quasi beam function are symmetric and antisymmetric
functions of bz respectively in the ⌘ ! 1 limit; how-
ever, the numerical results presented in this work show
significant departures from these expectations, particu-
larly for large bT , as shown in Fig. 5(b). The observed
asymmetry could arise from finite-volume e↵ects: e↵ec-
tive field theory calculations [49] have demonstrated that
finite-volume e↵ects for pion matrix elements of non-

local operators with separation ` generically take the
form e�m⇡(L�`). In this work, one therefore expects bz-
dependent finite-volume e↵ects of the form e�m⇡(L�⌘+bz)

as well as additional bz independent finite-volume ef-
fects. In addition, exponential dependence on bz could
arise from an imperfect cancellation between power-law-
divergent lattice artifacts in Bbare

� (bz,~bT , a, ⌘, P z) and

ZMS
O�4�

(µ, bz,~bT , a, ⌘)R̃(bT , bR
T , a, ⌘). Taking Im(!) 6= 0 al-

lows the fit form in Eq. (16) to include exponential depen-
dence on bz and is found to significant improve the quality
of fits to the numerical results with large bT & 0.5 fm.

The second model considered assumes that the Fourier
transform of the quasi beam function has compact sup-
port on the interval 0 < x < 1 [30, 31, 33], which is
expected to become valid for large P z, and takes the
form

FBern
N (P z, bzP z; {ar

n}, �, A, B)

=
N�1X

r=0

ar

Z 1

0
dx ei(bzP z)x xA(1 � x)B(P zx)�Br,N�1(x) ,

(17)

where Br,N�1, for r 2 {0, . . . N � 1} are the N Bern-
stein basis polynomials of degree N � 1 normalized as
in Ref. [50], and asymmetry in bz is accommodated by
taking Im(ar) 6= 0.

Using either functional form, FHerm
N or FBern

N , as a

model for B
MS
�4 , and evaluating Eq. (11) with the tree-

level matching factor CTMD
ns = 1, gives the result �q,MS

⇣ =

3
�

q
,M

S
�

(
µ

=
4
G

e
V

)
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FIG. 1. Figure adapted from Ref. [1], showing the quark Collins-Soper kernel as determined

from recent phenomenological fits (in 2017 and 2019) by two independent analysis groups using

di↵erent models, which are represented by the green and orange bands respectively.

processes at low transverse momentum, from ⇠ 1–10 GeV, which are sensitive to the
nonperturbative Collins-Soper evolution. Experiments at the Thomas Je↵erson National
Accelerator Facility 12 GeV Upgrade and the future Electron-Ion Collider at Brookhaven
National Laboratory will provide enormous amount of data in this kinematic regime over
the next two decades, highlighting the timeliness of this research e↵ort.

II. LATTICE QCD

Lattice QCD is a first-principles method of calculating QCD observables numerically on
a discrete four-dimensional representation of spacetime. Monte-Carlo techniques are used
to create a representative set (named an ensemble) of configurations of the background
quark and gluon fields on the spacetime representation, which are then used to perform
calculations of physical observables of interest. As the only known direct method of
studying QCD at low energy, lattice QCD is an important source of information for tests
of the Standard Model and it provides results for various hadronic matrix elements that
are systematically improvable and model-independent. As such, it is the necessary tool
for the calculations we propose.

There are several major computational costs involved in lattice QCD calculations.
Firstly, the background configurations of quark and gluon fields are extremely expensive
to generate and are generally stored and reused. Large lattice QCD collaborations (such
as USQCD) make these available to the community; these resources will be exploited in
this proposal. Calculations of matrix elements such as those involved in the determination
of the Collins-Soper kernel as proposed here additionally involve computing various quark
propagators and the combination of these into the appropriate correlation functions. The
computation of light (up, down and strange) quark propagators involves the inversion
of very large, very sparse, but nearly singular matrices (O(108 ⇥ 108) in our calculation)
which is e�ciently done using iterative solvers similar to the conjugate gradient algorithm.
Multiple inversions are required for each field configuration in the ensemble, and this task
requires significant computational resources.

Lattice Results for Rapidity Anomalous Dimension

P z = 1.9 GeV, 2.6 GeV
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Label � a [fm] L3
⇥ T  nsrc ncfg

E32 6.3017 0.06 323 ⇥ 64 0.1222 2 200

TABLE I: The ensemble of quenched QCD gauge field con-
figurations used in this work [41, 42]. The lattice spacing a is
determined from an analysis of scale setting in Ref. [43], and
the lattice geometry parameters L and T are specified in units
of a. For operator structures with Dirac index � = �4, ncfg

configurations are analyzed, with nsrc source locations chosen
on each. For other operator Dirac structures � 6= �4, a sub-
set with 25 configurations is analyzed, with 1 source location
computed on each.

Several observations are pertinent to the computation
of the Collins-Soper evolution kernel by Eq. (10). First,
since the kernel is independent of the external state [32],
one may calculate the quasi beam functions in the state
with the best signal-to-noise properties in a lattice QCD
calculation, e.g., for the pion. In a quenched calculation,
a heavier-than-physical valence quark mass can be cho-
sen for the same reason. Moreover, since although the
kernel is state-independent, the power-corrections to the
kernel are not, and so variation of the choice of exter-
nal state, and external state momenta, provides a test of
systematic e↵ects in a numerical calculation. Second, the
Collins-Soper kernel does not depend on the longitudinal
momentum fraction x or on the hadron momenta P z

i , at
O (bT /⌘, 1/(bT P z)). Although the truncation in the bz-
space Fourier integral will induce oscillatory behavior in
x-space, varying these parameters provides insight into
these additional systematic uncertainties.

An alternative approach to extracting the Collins-
Soper kernel by transforming the product of the match-
ing coe�cient and MS quasi beam function in Eq. (10)
into a convolution integral in bz-space was advocated in
Ref. [34]. Appendix E provides an investigation of this
approach and finds that it su↵ers from significant sys-
tematic uncertainties.

III. LATTICE QCD STUDY

The Collins-Soper evolution kernel is computed by
Eq. (10) in a lattice QCD calculation using a single
quenched ensemble, detailed in Table I. The calculation
is undertaken on gauge fields that have been subjected
to Wilson flow to flow-time t = 1.0 [44], in order to in-
crease the signal-to-noise ratio of the numerical results,
and gauge-fixed to Landau gauge, in order to permit the
use of gauge non-invariant quark wall sources. Quasi
beam functions are constructed for a pion external state
using valence quark propagators that are computed with
the tree-level O(a) improved Wilson clover fermion ac-
tion [45] and a  value that corresponds to a heavy pion
mass of 1.207(3) GeV. This choice may be made with-
out introducing systematic bias, since the Collins-Soper
kernel is independent of state. Three external state mo-
menta are studied, ~P = P z~ez with P z = nz2⇡/L for

FIG. 2: E↵ective energy function defined by Eq. (14) for

pion states with momenta |~P | = nz2⇡/L. Shaded bands dis-
play the result of single-exponential fits to the two-point cor-
relation functions for each non-zero momentum, and a two-
exponential fit at zero momentum; the number of states in
each fit is chosen to maximize an information criterion as de-
scribed in the text, and the fit ranges shown correspond to
the highest-weight fits in the weighted average over successful
two-point function fits as discussed in Appendix A.

nz 2 {2, 3, 4}, corresponding to P z 2 {1.29, 1.94, 2.58}
GeV, allowing the kernel to be computed from three
di↵erent momentum ratios. To improve the overlap
of boosted pion interpolating operators onto their re-
spective ground states and improve statistical precision,
a combination of wall sources and momentum-smeared
sinks [46] are used to construct two-point and three-point
correlation functions.

Bare quasi beam functions Bbare
� (bz,~bT , a, ⌘, P z) are

extracted for non-local quark bilinear operators (Eq. (6))
with Wilson line staple geometries defined by staple
extents ⌘ ranging between 0.6 and 0.8 fm (⌘/a 2
{10, 12, 14}), and with staple widths and asymmetries
corresponding to |bT | and bz ranging from �(⌘ � a)
to (⌘ � a). In order for the mixing contributions to
Eq. (10) to be consistently included, bare quasi beam
functions are computed for all Dirac operator structures
�. As detailed in the caption of Table I, however, lower
statistics are used for operators with Dirac structures
� 6= �4, whose contributions to the Collins-Soper kernel
are suppressed by the renormalization factors. Previ-
ously, the 16-dimensional vector of MS renormalization
factors ZMS

O�4�0
(µ, bz,~bT , a, ⌘) was computed for the same

ensemble and operator parameters as studied here [39],
and those results are used in this work.

The two-point correlation function for the pion, pro-
jected to a given three-momentum ~P , is defined as:

C2pt(t, ~P ) =
X

~x

ei~P ·~xh0|⇡~P,S(~x, t)⇡†

~P,W
(0)|0i

t�0�!
Z~P

2aE~P

e�E~P t + . . . , (13)

where Z~P denotes the combination of overlap fac-

(1 GeV)-1(2 GeV)-1

nf=0 (quenched) simulation
Exploits universality:  uses 1.2 GeV pseudoscalar meson
Includes nonperturbative renormalization
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FIG. 5. Quasi-TMDWF (upper panel) and extracted Collins-
Soper kernel (lower panel), as functions of b⊥. The visible P z

dependence of the quasi-TMDWF can be primarily under-
stood by that from the Collins-Soper kernel, as the kernel we
obtained with tree level matching is consistent with up to 3-
loop perturbative calculations (at small b⊥) with the strong
coupling αs at the scale 1/b⊥, and also the non-perturbative
result from the pion quasi-TMDPDF. Results from quenched
lattice calculations [25] are also shown for comparison.

soft function by simulating the light-meson form factor
of four-quark non-local operators and quasi-TMD wave

functions. Our result shows a mild hadron momentum
dependence, which allows a future precision study to
eliminate the large momentum dependence using pertur-
bative matching [16]. As a reliability check, the agree-
ment between the CS kernel obtained from our quasi-
TMDWF result and the previous calculations shows
that the systematic uncertainties including the partially
quenching effect, the leading perturbative matching and
missing power corrections 1/γ in LaMET expansion
might be sub-leading. Still our calculation paves the way
towards the first principle predictions of physical cross
sections for, e.g., Drell-Yan and Higgs productions at
small transverse momentum.
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momenta on a 2+1 flavor CLS ensemble with a =
0.098 fm [26], see Table I. In particular we perform sim-
ulations of the large-momentum light-meson form factor
and quasi-TMD wave functions (TMDWFs), whose ratio
gives the intrinsic soft function [9]. The Wilson loop ma-
trix element will be used to remove the linear divergence
in the quasi-TMD wave function. The CS kernel, K, can
also be calculated from the external momentum depen-
dence of the quasi-TMD wave function [16], and we will
calculate it as a by-product. Our result is consistent with
that of a quenched lattice study using TMDPDFs [25].

FIG. 1. Illustration of the pseudo-scalar meson form factor
F calculated in this work. The initial and final momenta of
the pion are large and opposite. The transition “current” is
made of two local operators at a fixed spatial separation b⊥.
tsep is the time separation between the source and sink of the
pion.

Theoretical Framework. The intrinsic soft function
(SI) can be obtained from the QCD factorization of
a large-momentum form factor of a non-singlet light
pseudo-scalar meson with constituents π = q2γ5q1, with
the transition current made of two quark-bilinears with
a fixed transverse separation #b = (#n⊥b⊥, 0),

F (b⊥, P
z) = 〈π(− #P )|(q1Γq1)(#b)(q2Γq2)(0)|π(#P )〉c. (2)

Here q1,2 are light quark fields of different flavors, and
#P = (#0⊥, P z). The initial and final mesons approach
two opposite lightcone directions in the P z → ∞ limit.
Only the connected diagram is important in the large
momentum limit, as illustrated in Fig. 1.
It can be shown that the form factor defined in Eq. (2)

is factorizable into the quasi-TMDWF Φ and the intrinsic
soft function SI [9, 16]

F (b⊥, P
z) = SI(b⊥) (3)

×

∫ 1

0
dx dx′H(x, x′, P z)Φ†(x′, b⊥,−P z)Φ(x, b⊥, P

z)

whereH is perturbative hard kernel. The quasi-TMDWF
Φ is the Fourier transformation of the coordinate-space

correlation function

φ(z, b⊥, P
z) = lim

!→∞

φ!(z, b⊥, P z, %)
√

ZE(2%, b⊥)
, (4)

φ!(z, b⊥, P
z, %)

=
〈

0
∣

∣

∣
q1

(z

2
nz +#b

)

ΓΦW(#b, %)q2
(

−
z

2
nz

)
∣

∣

∣
π(#P )

〉

.

In the above W(#b, %) is the spacelike staple-shaped gauge
link,

W(#b, %) = Pexp

[

igs

∫ z/2

−!
ds nz ·A(nzs+ b⊥)

]

× Pexp

[

igs

∫ b⊥

0
ds n⊥ ·A(−%nz + sn⊥)

]

× Pexp

[

igs

∫ −!

−z/2
ds nz ·A(nzs)

]

, (5)

nz and n⊥ are the unit vectors in z and transverse di-
rections respectively. ZE(2%, b⊥) is the vacuum expec-
tation value of a rectangular spacelike Wilson loop with
size 2%×b⊥ which removes the pinch-pole singularity and
Wilson-line self-energy in quasi-TMDWF [9].
Since the UV divergence of the intrinsic soft function

is multiplicative [16], the ratio SI(b⊥, 1/a)/SI(b⊥,0, 1/a)
calculable on lattice is UV renormalization-scheme inde-
pendent, where b⊥,0 is a reference distance which is taken
small enough to be calculated perturbatively. Thus we
can obtain the result in the MS scheme through

SI,MS(b⊥, µ) =

(

SI(b⊥, 1/a)

SI(b⊥,0, 1/a)

)

SI,MS(b⊥,0, µ) (6)

where SI,MS(b⊥,0, µ) is perturbatively calculable, e.g.,

SI,MS(b⊥, µ) = 1−
αsCF

π
ln

µ2b2⊥
4e−2γE

+O(αs). (7)

In the present exploratory study, we will consider only
the leading order matching in Eq. (3), for which the per-
turbative kernel is H(x, x′, P z) = 1/(2Nc)+O(αs), inde-
pendent of x and x′. Using φ(0, b⊥,−P z) = φ(0, b⊥, P z)
under parity transformation, we obtain

SI(b⊥) =
2NcF (b⊥, P z)

|φ(0, b⊥, P z)|2
+O(αs, (1/P

z)2), (8)

where power corrections from finite P z are ignored. Since
P z is related to the rapidity of the meson, we henceforth
replace it by the boost factor γ ≡ Eπ/mπ. Eq. (6) can
be written as

SI,MS(b⊥, µ) =
F (b⊥, P z)

F (b⊥,0, P z)

|φ(0, b⊥,0, P z)|2

|φ(0, b⊥, P z)|2

+O(αs, γ
−2) . (9)

The ratio on the right-hand side of the above expression
is independent of the renormalization scale µ since only
the leading-order contribution is kept.
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nz and n⊥ are the unit vectors in z and transverse di-
rections respectively. ZE(2%, b⊥) is the vacuum expec-
tation value of a rectangular spacelike Wilson loop with
size 2%×b⊥ which removes the pinch-pole singularity and
Wilson-line self-energy in quasi-TMDWF [9].
Since the UV divergence of the intrinsic soft function

is multiplicative [16], the ratio SI(b⊥, 1/a)/SI(b⊥,0, 1/a)
calculable on lattice is UV renormalization-scheme inde-
pendent, where b⊥,0 is a reference distance which is taken
small enough to be calculated perturbatively. Thus we
can obtain the result in the MS scheme through

SI,MS(b⊥, µ) =

(

SI(b⊥, 1/a)

SI(b⊥,0, 1/a)

)

SI,MS(b⊥,0, µ) (6)

where SI,MS(b⊥,0, µ) is perturbatively calculable, e.g.,

SI,MS(b⊥, µ) = 1−
αsCF

π
ln

µ2b2⊥
4e−2γE

+O(αs). (7)

In the present exploratory study, we will consider only
the leading order matching in Eq. (3), for which the per-
turbative kernel is H(x, x′, P z) = 1/(2Nc)+O(αs), inde-
pendent of x and x′. Using φ(0, b⊥,−P z) = φ(0, b⊥, P z)
under parity transformation, we obtain

SI(b⊥) =
2NcF (b⊥, P z)

|φ(0, b⊥, P z)|2
+O(αs, (1/P

z)2), (8)

where power corrections from finite P z are ignored. Since
P z is related to the rapidity of the meson, we henceforth
replace it by the boost factor γ ≡ Eπ/mπ. Eq. (6) can
be written as

SI,MS(b⊥, µ) =
F (b⊥, P z)

F (b⊥,0, P z)

|φ(0, b⊥,0, P z)|2

|φ(0, b⊥, P z)|2

+O(αs, γ
−2) . (9)

The ratio on the right-hand side of the above expression
is independent of the renormalization scale µ since only
the leading-order contribution is kept.
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FIG. 2. Results for the ! dependence of the quasi-TMDWF
with z = 0, and also the square root of the Wilson loop
which is used for the subtraction, taking the {P z, b⊥, t} =
{6π/L, 3a, 6a} case as a example. All the results are normal-
ized with their values at ! = 0.

Numerical Results. We demonstrate the Wilson-line
length ! dependence of the norm of the quasi-TMDWFs
in Fig. 2. As one can see from this figure, with
{P z, b⊥, t} = {6π/L, 3a, 6a}, both the quasi-TMDWF
φ!(0, b⊥, P z, !) and the square root of the Wilson loop ZE

decay exponentially with the length !, but the subtracted
quasi-TMDWF is length independent when ! ≥ 0.4 fm.
Some other cases with larger P z, b⊥, and t can be found
in the supplemental materials [27]. Based on this ob-
servation, we will use ! = 7a = 0.686 fm as asymptotic
results for all cases in the following calculation.

FIG. 3. The ratios C3(b⊥, P
z, tsep, t)/C2(0, P

z, 0, tsep) (data
points) which converge to the ground state contribution at
t, tsep → ∞ (gray band) as function of tsep and t, with
{P z, b⊥} = {6π/L, 3a}. As in this figure, our data in gen-
eral agree with the predicted fit function (colored bands).

We applied the joint fit of the form factor and
quasi-TMDWF with the same P z and b⊥ with the
parameterization in Eqs. (14) and (15), and the ra-
tios C3(b⊥, P z, tsep, t)/C2(0, P z, 0, tsep) with different tsep
and t for the {P z, b⊥} = {6π/L, 3a} case are shown in
Fig. 3, with ground state contribution (gray band) and
the fitted results at finite t2 and t (colored bands). In the

calculation, the excited state contribution is properly de-
scribed by the fit with χ2/d.o.f. = 0.6. The details of
the joint fit, and also more fit quality checks are shown
in the supplemental materials [27], with similar fitting
qualities.

FIG. 4. The intrinsic soft factor as a function of b⊥ with
b⊥,0 = a as in Eq. (9). With different pion momentum P z,
the results are consistent with each other. The dashed curve
shows the result of the 1-loop calculation, see Eq. (7), with
the strong coupling αs(1/b⊥).

The resulting soft factor as function of b⊥ is plotted in
Fig. 4, at γ= 2.17, 3.06 and 3.98, which corresponds to
P z = {4, 6, 8}π/L = {1.05, 1.58, 2.11} GeV respectively.
As in Fig. 4, the results at different large γ are consistent
with each other, demonstrating that the asymptotic limit
is stable within errors. We also compare the intrinsic soft
function extracted from the lattice to the one-loop result
in Eq. (7), with αs(µ = 1/b⊥) evolving from αs(µ =
2 GeV) ≈ 0.3. Notice that the b⊥ dependence of the
former comes purely from the lattice simulation, while
that for the latter is from perturbation theory.
We can see a clear P z dependence in the

quasi-TMDWF |φ!(0, b⊥, P z, !)| normalized with
φ!(0, 0, P z, 0), as in the upper panel of Fig. 5. It is
understandable since such a dependence is related to
the CS kernel as shown in Eq. (11), up to the possible
LaMET matching effects and power corrections of order
1/γ2. Thus we use Eq. (11) to extract the kernel in the
tree level approximation, and compare the result in the
lower panel of Fig. 5 with the calculation in Ref. [25]
and up to 3-loop perturbative one with αs(µ = 1/b⊥).
We estimate the systematic uncertainty by combining
in quadrature the statistical errors with contributions
from the imaginary part of the quasi-TMDWF, which
should be identically zero. For details see the supple-
mental materials [27], in particular Fig. 11. Our result
appears consistent with a quenched calculation based
on TMDPDFs from Ref. [25], but the results based on
P z
1 /P

z
2 = 3/2 and P z

1 /P
z
2 = 4/2 have some differences at

certain b⊥ which might come from insufficient statistics
at P z=2.11 GeV, or potential systematic uncertainties.
Summary and Outlook. In this work, we have pre-

sented an exploratory lattice calculation of the intrinsic

S̃q(b�, µ, Y ) = eY ��(µ,b�)S�1
I (b�, µ)

4

where n
µ = (1,�1,~0?)/(P z + P

t) in (t, z,~b?) coordi-

nates; Wn = W
†
n(�n +~b?)W?Wn(0) is a staple shaped

gauge link along n direction similar to those defined in
Eq. (2), where Wn(⇠) = Pexp

⇥
�ig

R
1

0
n ·A(⇠ + sn)

⇤
.

The same lightcone TMDWF also appears in factoriza-
tion for electromagnetic pion form factor in Ref. [36].

To extract soft functions from the lattice calculable
form factor in Eq. (15), we need to know the lightcone
TMDWF as well. Therefore, we construct a lattice cal-
culable quasi-TMDWF [20],

e�(x, b?, P ) (17)

= lim
L!1

Z
d�

4⇡
e
ix� hP | (zẑ/2 +~b?)e�Wz (�zẑ/2)|⌦ip

ZE(2L, b?, Y = 0)

where � = zP
z and ẑ

µ = (0, 1,~0?); e� can be chosen

as �5�t or �5�z; Wz = W
†
z (zẑ/2 + ~b?)W?Wz(�zẑ/2)

is a staple shaped gauge link along �ẑ direction with

Wz(⇠) = Pexp
h
ig

R
�L�⇠z

0
dsA

z(⇠ + sẑ)
i
pointing to �z

direction. Similar to Eq. (15) and quasi-TMDPDF fac-

torization [37], e� can be factorized into a perturbative
hard kernel and nonperturbative lightcone quantities [35]

e�(x, b?, P ) = H�(x, P )
�(x, b?, P, �)

S2(b?, �, �)
S1(b?, �, Y

0 = 0)

(18)

where � and � are on-lightcone regulators for gauge links
along lightlike P and its conjugate direction, and similar
to Eq. (15) � and � are taking the lightcone limit im-
plicitly. The subscript “1” of the soft function denotes
that one of the rapidity regulators are on-lightcone, and
the other staple-shaped gauge link is along temporal di-
rection indicated by Y

0 = 0. The soft functions S2 and
S1 subtract away the regulator dependencies introduced
in the lightcone TMDWF �. The overall combination in
the right hand side of Eq. (18) is rapidity regularization
scheme independent.

Combining Eqs. (15) and (18), we have

F (b?, P ·P
0)

R
dxdx0H(x, x0, P, P 0)e�(x0, b?, P

0)e�†(x, b?, P )

=
S2(b?, �, �0)

S1(b?, �, Y 0 = 0)S1(b?, Y = 0, �0)
⌘ SI(b?) (19)

where H ⌘ HF (x, x0)/H�(x)H�(x0) is entirely perturba-
tive, and SI is called the intrinsic soft function. Similar to
argument in Ref. [22], the lightcone singularities cancel in
the above combination, therefore the result SI is scheme
independent. It is worth to point out that SI = e

�D in
the o↵-lightcone scheme from Eq. (4) even though D is
scheme dependent in general. The soft functions with on-
lightcone regulator have the asymptotic forms for small
� similar to Eq. (4)

S1(b?, �, Y
0) = e

(Y 0
�ln �)K(b?)+D1(b?)+O(� exp(�Y )) (20)

S2(b?, �, �
0) = e

�(ln ��0)K(b?)+D2(b?)+O(��0)
. (21)

Based on Eq. (19), the Collins-Soper kernels K are can-
celled on the left hand side and we obtain the relation
2D1 � D2 = D. We have explicitly verified this relation
and Eq. (19) at one-loop level.
Similar to Eq. (19), we can show that the cross section

of DY can be factorized by quasi-TMDPDF [35]

d�DY

d2Q?

=

Z
dx dx

0
d
2
b?e

i~b?·~Q? (22)

⇥ �̂(x, x0
, P ·P

0) ef(x, b?, P ) ef(x0
, b?, P

0)SI(b?)

where Q? is the transverse momentum of produced lep-
ton pair, �̂(x, x0

, P ·P
0) is the hard kernel, and

ef(x, b?, P ) (23)

= lim
L!1

Z
d�

4⇡
e
ix� hP | (zẑ/2 +~b?)e�Wz (�zẑ/2)|P i

P z
p

ZE(2L, b?, Y = 0)

is a quasi-TMD parton distribution with definition sim-
ilar to the quasi-TMDWF in Eq. (17). With Eq. (22),
the DY process in low-transverse-momentum region
becomes predictable from first-principle calculations.

Discussion and conclusion.—To implement an actual
calculation of the soft function on lattice, particularly in
the HQET framework, some special considerations need
to be made [28–30]. It is known that the näıve infinite
heavy quark mass limit causes doubling problem, and the
usual technique, such as a Wilson term, can be used to lift
the degeneracy. The UV divergences from the transition
current require renormalization, which can be matched
to the dimensional-regularization scheme, and the veloc-
ity also need to be renormalized due to lattice artifacts.
Moreover, working with large velocity color sources might
have similar challenges as large-momentum hadrons [38].
For the soft function from the light-meson form factor,
various renormalization and matching will also need be
made. For correlators containing staple-shaped gauge
links, the nonperturbative renormalization has been dis-
cussed in Refs. [37, 39, 40]. We reserve a detailed discus-
sion about practicality of lattice calculations to [35].
It shall be remarked that the soft function in the o↵-

lightcone scheme approaches the lightcone limit through
the large rapidity separation

p
(2v · v0)2/v2(v0)2 =p

v+v0�/(v�v+) ! 1 but not through v
2
, (v0)2 ! 0.

A common definition of the universal soft function was
proposed in Refs. [22, 23]. The spacelike vectors u

µ =
�(�, 1, 0, 0) and u

0µ = �
0(��0

, 1, 0, 0) were chosen instead
of timelike v and v

0 to define the soft function for the DY
process. Despite the di↵erent definitions, we can prove
that this soft function is equal to what we defined in
Eq. (1) [35].

There are other e↵orts to propose soft functions on
lattice connecting quasi-TMDPDF to lightcone TMD-
PDF [17–19]. However, the soft function is controlled
by cusp anomalous dimension at large hyperbolic angle,
while other proposed soft functions are composed by Eu-
clidean gauge links with circular angle which cannot be

S̃q =

nf=2+1 simulation
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Other Recent Results

Rapidity Anom. Dimension:  alternate methods,  
operators for power expansion, and models Alexey Vladimirov ‘20

Spin dependent quasi-TMD distributions

Ebert, Schindler, IS, Zhao ’20,

(see also Vladimirov, Schaefer ’20)

uses SCET in a somewhat different fashion than what we envisioned above because they
consider the analogy of the quasi-TMDPDF with a TMD hadronic tensor, and perform a
match up which simultaneously yields n-collinear, n̄-collinear, and soft fields. It is known
that a quasi soft function is needed as part of the definition of the quasi-TMDPDF in order
to properly carry out the quasi-TMDPDF to TMDPDF matching [14, 15, 17], and it is so
far not clear how the quasi soft function is treated by the analysis in Ref. [21], which is also
the case for our outline above.

4 Applications

We now discuss applications of our main finding in eq. (3.41). We find that the ratios of
spin-dependent TMDs and the unpolarized TMD can be directly obtained from those of
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In addition, we can consider the ratios of the x-integrated TMDs which were studied
in a different formalism based on exploiting Lorentz invariance in Refs. [22–26]. According
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Thus we see that this ratio of x-integrated quasi-TMDPDF is not directly related to the
ratio of x-integrated TMDs Fns/hS

and f1 in the formalism used here.
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Quark TMDs

�[�+]
q h(x, b) = f1(x, b) + i✏µ⌫T bµs⌫Mf?1 (x, b)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

b? ⇠ 1

k?<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• There are eight TMD 
distributions in leading twist 

• TMD distributions provide a 
more detailed picture of the 
many body parton structure of 
the hadron 

• Interplay with the transverse 
momentum

�[2]
� (µ, b�) :

3

by ��). The resulting contour C 0 is show in fig.2 in blue.
The rapidity divergent part of the deformed soft factor
still has the form (5). Indeed, on one hand the variable
% = (⇤+��)�1 is the only Lorenz invariant combination
of ⇤’s, on another hand the limit ⇤+ ! 1 is rapidity
divergent. And so, the operation (6) can be rewritten as

D(b, µ) =
1

2
lim

⇤+!0

d lnSC0(b, µ)

d ln��
. (7)

Performing the contour variation of the gauge-link and
taking the limit I obtain

D(b, µ) = (8)

��
ig

2

Tr
R 1
0 d�h0|Fb+(���n+ b�)WC0 |0i

Trh0|WC0 |0i
+ ZD(µ),

where Fb+(x) = bµn⌫Fµ⌫(x), with Fµ⌫ being a gluon-
field strength tensor. The contour C 0 starts and ends at
the point (���n + b�), so the numerator is the Wilson
loop with insertion of the gluon strength tensor.

The term ZD(µ) = d lnZS/d ln�� removes the ultra-
violet divergences. Peculiarly, it is additive rather than
multiplicative, which produces the renormalization group
equation of the form (3), with

dZD(µ)

d lnµ
= �cusp(µ). (9)

The numerator and denominator of the first term are
rapidity divergent, but divergences cancel in the ratio.
Each term in (8) is independent on �� despite it is ex-
plicitly present in (8). It also demonstrates the univer-
sality of RAD for Drell-Yan and SIDIS processes, which
is dictated by the sign of �� in the current context.

The expression (8) is the main result of this letter. In
the next paragraphs, I demonstrate possible applications
of it and make elementary checks.

Perturbative consideration and OPE. RAD is
very well studied in the perturbation theory, where it has
been derived up to next-to-next-to-leading order (NNLO)
[13, 25]. All previous calculations has been done by eval-
uation of TMD soft factor [23, 25], or TMD distributions
[11, 26], with successive identification of rapidity diver-
gent terms. Using (8) RAD can be computed directly.

The perturbative calculation are made in the regime
b ⌧ ⇤�1

QCD. In this regeme, RAD can be written as

D(b, µ) = D0(b, µ) + b
2
D2(b) + (b2)2D4(b) + ... , (10)

where dots designate terms accompanied by a higher
power of b2. Each Dn depends on b only logarithmically,
via ln(bµ). Importantly, the definition (8) is made for a fi-
nite b. The limit b ! 0 does not exist due to the presence
of divergent renormalization constant ZD that is indepen-
dent on b. Indeed, already at LO D0 ⇠ ↵s(µ) ln(bµ). The
terms with n > 0 do not depend on µ explicitly, as it
follows from the independence of ZD on b.

FIG. 3: Structure of the operator that describes the leading

power correction to RAD. Blue lines are the gauge links, and

dots are insertions of gluon strength tensors.

The computation of Dn can be done, for example, by
the background field method, similarly to calculations
made in refs.[27, 28]. It is convenient to use the back-
ground field in the Schwinger gauge with a reference point
at the origin. With this choice, Wilson lines of back-
ground gluons turn to unities at b ! 0, which crucially
simplifies the calculation.
The contributions to term D0 start from the one-loop.

The leading term is given by the diagram

��
g2

2

Z 1

0
d�

Z

C0
dxµ Tr

Nc
Fb+(���n+ b�)Aµ(x). (11)

This diagram is straightforward to compute in the di-
mensional regularization (d = 4� 2✏ with ✏ > 0). At LO
the denominator of (8) is one, and ZS can be found e.g.
in ref.[26]. The result (in MS-scheme) reads

D0(b, µ) = �2CFas
h
�(�✏)

✓
b
2µ2

4e��E

◆✏

+
1

✏

i
+O(a2s),(12)

where as = g2/(4⇡)2. This expression coincides with the
one derived in [23] at arbitrary ✏, and in the limit ✏ ! 0
reproduces the well-known result [1, 3–5]

D0(b, µ) = 2CFas(µ) ln

✓
b
2µ2

4e�2�E

◆
+O(a2s). (13)

Note, that there is no dependence on ��, as expected.
In contrast to D0, other terms receive contribution

from the tree order. Each term introduces a new NP
function which are matrix elements of gluon strength ten-
sors connected by Wilson lines to the origin. In particu-
lar, LO contribution to D2 is given by

�g2��

Z 1

0
d�

Z 0

�1
d�h0|Fb+(���n)[..]Fb�(�n̄)|0i, (14)

where Fb� = bµn⌫Fµ⌫ , and [..] stays for a gauge link (in
the adjoint representation) between F ’s and the origin
(see fig.3). It is a particular case of the following matrix
element

�µ⌫(x, y) = g2h0|Fµx(x)[x, 0][0, y]F⌫y(y)|0i. (15)
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f?
1 (x, bT , µ, ⇣)

f1(x, bT , µ, ⇣)
=

f̃?
1 (x, bT , µ, P z)

f̃1(x, bT , µ, P z)

(see his talk on Wednesday)



Summary

quasi TMDs are a field in its early stages, but already show  
significant promise.   eg.  rapidity anomalous dimension

quasi PDFs enable direct calculations of PDFs (and other light  
cone matrix elements) with Lattice QCD.    
Fairly mature field with lots of activity! 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