Lattice QCD thermodynamics

Gergely Endrodi

University of Bielefeld

Emmy
Noether-

UNIVERSITAT REER" d (rc-TR
BIELEFELD il | e

August 31 - September 03, 2021




THERE ARE FOUR (2 EETROMAGNETEY | | (3 THE STRONG MALEAR | | PND (4) THE 49K FRCE. IT
FUNDAMENTAL FORCES | LUHICH OBEYS 7RIS FORCE \MHICH DBEYS, UH... | | (Momsie MOMBLE] RADIOACTIVE

BETWEEN PARTICLES: | | INVERSE-SQUARE LAW: l.JEL}. " DECAY (MUMILE MUMBLE]
(1) GRAVITE \MICH T ]‘UH THATS NOT A SENTENCE.
mmﬁwﬂ@i Foue= ke 5= [T HoLDS PROTONS AND YOUJUST SAID RADIo—

' . WN.S% NEUTRONS TOSETHER. — AMD THOSE ARE THE

Gy~ Oz || ol / RUR FANOAMENTAL
R ! T SEE. FORCES!
: ALSO LHAT? J 3
- ~
' A\
ITS STRONG.

& xked.com/1489

1/37



https://xkcd.com/1489/

Strong force

» quarks and gluons “confined” in the proton
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Collision experiments [CERN outreach]
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https://www.youtube.com/watch?v=NhXMXiXOWAA

Cold versus hot

» heavy ion collisions

> two distinct phases of matter
cold, confined  vs. hot, deconfined
hadronic Vs. quark-gluon plasma
P phase transition in between
» theory: QCD
what is the nature of these phases?
what is the reason behind confinement and deconfinement?
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Strongly interacting matter in extreme conditions

» heavy ion collisions
T <200 MeV, n <0.12 fm™3, Z/A~ 0.4

re-
egu?hbmum ‘
namice viscous hydrodynamics - free streaming

collision evolution
t~0fm/c T~1fm/c T ~10 fm/c © ~10'° fm/c
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Strongly interacting matter in extreme conditions

> heavy ion collisions
T <200 MeV, n <0.12 fm=3, Z/A~ 0.4

» neutron stars (mergers)
T <1keV (<50 MeV), n<2fm=3 Z/A > 0.025

Outer crust: nuclei

Inner crust: nuclei + neutron gas
Rod- and plate-like structures

Uniform nuclear matter

Condensates of
KX, .7

Quarks?

~0.3km ~0.6 km ~10 km
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Strongly interacting matter in extreme conditions

» heavy ion collisions
T <200 MeV, n <0.12 fm™3, Z/A~ 0.4

» neutron stars (mergers)
T <1keV (<50 MeV), n<2fm=3 Z/A>0.025

» eary universe, QCD epoch
T <200 MeV, ng/s ~ 107, ng =0, ny/s < 0.01
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Magnetic fields

» off-central heavy—ion collisions # Kharzeev, McLerran, Warringa '07

impact: chiral magnetic effect, anisotropies, elliptic flow ...
& Fukushima '12 & Kharzeev, Landsteiner, Schmitt, Yee '14

Reaction
plane

() \,

X (defines ¥g)
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https://inspirehep.net/literature/766870
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Magnetic fields

> off-central heavy-ion collisions # Kharzeev, McLerran, Warringa '07

impact: chiral magnetic effect, anisotropies, elliptic flow ...
& Fukushima '12 & Kharzeev, Landsteiner, Schmitt, Yee '14

» magnetars & Duncan, Thompson '92

impact: equation of state, mass-radius relation & Ferrer et al '10
gravitational collapse/merger # Anderson et al '08

¥ [km]
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Magnetic fields

» off-central heavy—ion collisions # Kharzeev, McLerran, Warringa '07
impact: chiral magnetic effect, anisotropies, elliptic flow ...
& Fukushima '12 & Kharzeev, Landsteiner, Schmitt, Yee '14

» magnetars & Duncan, Thompson '92
impact: equation of state, mass-radius relation & Ferrer et al '10

gravitational collapse/merger & Anderson et al '08

» in the early universe, generated through phase transition in
electroweak epoch # Vachaspati '91 & Enqyist, Olesen '93
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Magnetic fields

>

off-central heavy-ion collisions # Kharzeev, McLerran, Warringa '07

impact: chiral magnetic effect, anisotropies, elliptic flow ...
& Fukushima '12 & Kharzeev, Landsteiner, Schmitt, Yee '14

magnetars & Duncan, Thompson '92

impact: equation of state, mass-radius relation & Ferrer et al '10
gravitational collapse/merger & Anderson et al '08

in the early universe, generated through phase transition in
electroweak epoch # Vachaspati '91 & Enqyist, Olesen '93

strength: B = 101 T ~ 10%°B,p4n ~ 5m72T

~» competition between strong force and electromagnetism

6/ 37


https://inspirehep.net/literature/766870
https://inspirehep.net/literature/1187797
https://inspirehep.net/literature/1204463
https://inspirehep.net/literature/350992
https://inspirehep.net/literature/868981
https://inspirehep.net/literature/778323
https://inspirehep.net/literature/323199
https://inspirehep.net/literature/357942

Outline




Outline overall

» lecture 1: introduction to QCD and thermodynamics
P lecture 2: hot Yang-Mills theory on the lattice
» lecture 3: hot QCD on the lattice

» lecture 4: QCD in extreme conditions on the lattice
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Literature

» introduction to lattice
# Gattringer, Lang Lect. Notes Phys. '10
# Rothe '05

> finite temperature field theory
# Laine, Vuorinen Lect. Notes Phys. '16
# Kapusta, Gale '06

» numerical methods
& DeGrand, DeTar '06

# Newman, Barkema '99
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https://inspirehep.net/literature/841572
https://inspirehep.net/literature/1468954
https://inspirehep.net/literature/739893

Outline lecture 1

» QCD, path integral and stochastic integration
P phase transitions and the Ising model
» finite temperature QFT
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QCD and the path integral




QCD

» quark field
wf,a,c

» gluon field
AL=AT?

» Euclidean Lagrangian
1 - .
[:QCD = Z Tr F/I,Z/F/.Ll/ + ¢[%(au =+ ’gSA,u) + m]w
> field strength

Fu = F3,T%  F2, =0,A5 — 0,A% + g fP°APAS

10 / 37



Path integral

» weak, electrodynamic interactions: g, gy < 1:
perturbation theory applicable

P strong interactions g5 ~ 1:
need a nonperturbative approach

P path integral & Feynman Rev. Mod. Phys. '48
Z= /qupqp DA, exp(—S[t, ¥, AL))
» with the action
S= /d4x£(zz,1/1,Au)

> largest weight <+ minimum of action (equations of motion)
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https://inspirehep.net/literature/22425

Stochastic integration



Numerical integration

> we want to calculate the integral
1 1
F= / dx P(x) f(x), / P(x) = 1
0 0

A GUIDE
INTEGRATION BY PARTG:
GNEN A PROBLEM OF THE FORM:

f Fe)geadx =7

CHOOSE VARIAGLES W AND v SUCH THAT:

u = oo
dv=g0odx

NOW THE ORIGNAL EXPRESOION BECOMES:
f udv=7
WHICH DEANITELY LOOKS EASIER.
ANYLAY, T GOTTA RUN,
BUT GOOD LUCK!

& xked.com/1201
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https://xkcd.com/1201/

Stochastic integration

» uniform sampling:
generate x, € [0, 1] uniform random variables

endrodi@pcend:~$ od -N2 -An < fdev/random
046620
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Importance sampling

» importance sampling:

generate x, with probability P(x,)

— animation
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Markov chains

» what if we cannot generate x, according to P?
» Markov chain

Xo = Xl 7> X2 —> X3 — ...

— animation
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Path integral

» same kinds of integrals, but in oo dimensions:

(F) = [ Do PLo) flo]

x point <+ ¢ = ¢(x,y, z, t) field configuration
> P[¢] = exp(—S5[¢])

» discretize space and time & Wilson PRD '74

» 10%-dimensional integrals ~ high-performance computing
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https://inspirehep.net/literature/89145

QCD vacuum

» how do the relevant field configurations look like?

# animation courtesy D. Leinweber
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http://www.physics.adelaide.edu.au/theory/staff/leinweber/VisualQCD/Nobel/

Phase transitions




Types of transitions

» 2"d order phase transitions: opalescence

& web.mst.edu

» 15t order phase transitions: bubbles

P crossover transition: no singularity
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https://web.mst.edu/~vojtat/class_6311/chapter0/3-opalescence.jpg

Types of phase transitions

» Ehrenfest classification:

n-th order phase transition
-~
n-th derivative of log Z is discontinuous

> partition function is analytic in finite volume
~> singularities only arise in log Z as V —
(practically: V' macroscopic)
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Ising model



2D Ising model

» two-dimensional lattice i € Z?
degrees of freedom s; = +1
exact solution & Onsager Phys. Rev. '44

numerical analysis & Newman, Barkema

» Hamiltonian with nearest-neigbor (i, /) interaction
and magnetic field h

Hls] == siss—h> s
(i-j) i

» partition function
Z=tre M7 = Z e M/ T
{s}
P> expectation values

(A) = 53 3 Als] e VT
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https://journals.aps.org/pr/abstract/10.1103/PhysRev.65.117

Spontaneous symmetry breaking

» Hamiltonian
Ho[s] M(s]

— ~
Hls] ==Y sisi—h> s
(i.j) i

> at h =0, system is invariant under parity
Ps; = —s; Ho[Ps] = Hols]
» but dominant configurations are not invariant at low T
M[Ps] = —Ms]

P parity symmetry restored at high T
» phase transition at T = T,

— animation
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Explicit symmetry breaking

» Hamiltonian
Ho[s] M(s]

— ~
Hls] ==Y sisi—h> s
(i.j) i

» at h # 0 parity invariance is lost
Ps; = —s; H[Ps] # H|s]
P> magnetization always aligned with h
hM[s] >0
P transition smoothed out

— animation
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Magnetization

» sketch of results in infinite volume

P> magnetization as derivative

_11 —HIs|/T _

10dlogZ2
VvV  0h
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Magnetization

» sketch of results in infinite volume

P> magnetization as derivative

11
(M) = == 3" M[s] e HEUT —
VZ
{s}
» Ehrenfest: (M) continuous, 0 (M) /OT discontinuous
~ second order phase transition

10dlogZ2
VvV  0h
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Order parameter

» how to define spontaneous symmetry breaking in terms of an

1
S o

expectation value?

h=0 V<x:

lim lim (M)

h—0£ V—oo

—h=0]

(M)=0 vT
> spontaneous breaking by explicit breaking

>0 T<T.

T
-1 0
H

& lbarra-Garcia-Padilla et al. EJP '16
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https://arxiv.org/abs/1606.05800

Order parameter

> a little cheating: instead of lim,_ g+ limy_,o, (M)
use limy_,o (|[M|) at h=10
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1588000000080000s
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9
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0.00
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2 -1 0 1 2

H
# |barra-Garcia-Padilla et al. EJP '16

» critical behavior is the same for both observables
& Newman, Barkema
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https://arxiv.org/abs/1606.05800

Susceptibility

> magnetization

_11 ~HlsyyT _ 1 0log 2
<M>_VZ{ZS;M[S]G ~V on
> susceptibility
8 (M
= M v (w2 — (]

# |barra-Garcia-Padilla et al. EJP '16
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https://arxiv.org/abs/1606.05800

Critical behavior in the thermodynamic limit

» second order phase transition: correlation length £ diverges

» critical exponents (valid at V — o0)
o [T —Tc[™

(M) o< [T=Te|®  xm o< | T=Te[™" (IM)y—y. o h/°

P universality: symmetries and system dimension set the
exponents
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Critical behavior towards the thermodynamic limit

» how to measure these in finite volume?
» in finite volume, system becomes ordered already when & ~ L
(Fisher scaling hypothesis)

Loc|Te(L)=Te|™” Te(L)—Teoc LYY xm(L, Te(L)) oc LY/”

100

041 4 4

0.00 0. 2)2 W‘;M 0. INV YL;M 0. ‘HV \‘H |(IMT
L7t L
& barra-Garcia-Padilla et al. EJP '16
» slope gives critical exponents v/v = 7/4
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https://arxiv.org/abs/1606.05800

First-order phase transitions



First-order phase transitions

P |atent heat and metastability
» distribution at T = T, and bubbles
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First-order phase transitions

» for large volumes

e F+
Q
M M,
(M — M, )? (M — M_)
P(M) ~ exp | —F, — ~——+1 —F_ -
( ) exp + 2C3_ + exp ZCE

# Ukawa '93
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https://inspirehep.net/literature/396296

Finite

size scaling

partition function
zZ— / dM P(M)

susceptibility
xm =V [(M?) = (m)]

close to T,
Fr=FoFf-(T-T.)

susceptibility for large volumes

cC

_ 2
XM = V(ef(T—TC)C+ + eff(T*TC)C,)2(M+ - M—)

peak at T, + O(1/V), height O(V) and width O(1/V)

xm(L, Te(L)) oc L
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Crossovers



Crossover
» distribution changes smoothly

P(M) ~ exp [—Fl (M- A) Ml)2]

2
2ci

as M;i(T) passes from one value to another

xm(L, Te(L)) o< L°

» example for crossover: Ising model at h # 0

—h=0]
—h>0|

32/ 37



Susceptibility at a phase transition:

» susceptibility x of order parameter

> finite size scaling

X(L, T¢(L)) o< LP

summary

] P \ transition type ‘

crossover

second order

first order

0
/v
d
P transition strength
d>~/v>0

1t > 27 > crossover
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Finite temperature field theory




Equation of state

> free energy (density)

F
F=—-TlogZ f=—
og v
P entropy density
1 0F

VoT
P pressure

__87":\/_}_00)_,"
P="%v

> energy density
1 OlogZ
€= _Va(17/gr) —f+Ts
P interaction measure
I=trT,, =€e—3p
> all we need is log Z
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Quantum mechanics

» reminder: QM path integral for transition amplitude x(t)

<Xf|€_th|X,'> = J )= Dx eiS/\//[x]

x(t)=x¢

implying (usually used for t — c0)

/dx(x\e_"'ﬁ“\x> :/ Dx em
x(0)=x(t)

» similarly, finite T partition function x(7)
Z=tre /T :/ Dx el
x(0)=x(1/T)

» differences
» argument of x: imaginary time 7
> over compact interval 0 <7 <1/T

» Euclidean action S = —Sp(t — 7 = it) all terms in it positive!
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Scalar quantum field theory

» partition function for real scalars

#(x,0)=¢(x,1/T)

over commuting numbers ¢(x, 7)

P partition function for complex scalars

_ b e SI6 0]
2= | gx0)=p(x1/T) PP Doe
o (x.0)=6" (. 1/ )

» for quadratic actions (free case)
/ D e 39M0 — C . [det(M)] "1/

/ Dp*Dpe " M? = . [det(M)] !
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Fermionic quantum field theory

» partition function for fermions

= / D Dyp e~ S
T/J(X’O):*T/’(Xﬂl/ T)

over Grassmann numbers t(x, 7)

» for bilinear actions (not just free case!)
/ DY Dy e VMY = " . det(M)
» Euclidean Dirac operator

M:@—i—m:fyuﬁujtm Vs } = 20,
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