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Outline overall

» lecture 1: introduction to QCD and thermodynamics
P lecture 2: hot Yang-Mills theory on the lattice
» lecture 3: hot QCD on the lattice

» lecture 4: QCD in extreme conditions on the lattice
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Outline lecture 2

“rest” from lecture 1
lattice discretization of the QCD action

confinement and deconfinement

vvyyy

Polyakov loop
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Non-interacting systems at finite T



Scalars, free case

» scalar field

1 1 1
L= 30,00ub+ sm¢? = 26 |~ + | ¢
M

> eigensystem My = A%y
x = e/wnTHipx 2N = w2 4+ p? + m? wp=2ntT neZ

bosonic Matsubara frequencies

0 T 1/T
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Scalars, free case

» scalar field

1 1 1
L= 30,00ub+ sm¢? = 26 |~ + | ¢
M

> eigensystem My = A%y
x = e/wnTHipx 2N = w2 4+ p? + m? wp=2ntT neZ

bosonic Matsubara frequencies

> determinant E2

_ _ d*p 2,2 2
IogdetM—trlogM—TZ Wlog w,+p +m
~ 7r
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Fermions, free case

» fermion field
L=P(@+m)y  MM=(=0°+ m*)lsus
———
M
> eigensystem MTMy = A2y
x = el“nT i N = @24 p*m? op=02n+1)7T neZ

fermionic Matsubara frequencies

0 T 1/T
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Fermions, free case

» fermion field
L=P(@+m)y  MM=(=0°+ m*)lsus
———
M
> eigensystem MTMy = A2y
x = el“nT i N = @24 p*m? op=02n+1)7T neZ

fermionic Matsubara frequencies

> determinant E2
logdet M = ~trlog MM = 2TZ/ p log {c‘f +p* + mﬂ
g 2 g - (27[_)3 n
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Vacuum and thermal contributions

> trick
0

OE 2T

E

TZ log(w? + E?) = coth —
E —E/T
/dEcothﬁ:E—l—QTIog(l—e )

» real scalars

3
fs = / (27:)’3 {Ezp + T log(1 — eEP/T)}

» fermions

3
fr = —4/ (2733 [Ezp + T log(1 + eEP/T)]

» note: Bose/Fermi statistics, sign of vacuum energy, spin and
particle/antiparticle degrees of freedom
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Gauge field theory

>
| 4

gauge field A, (U(1)) or A2 with a=1... N2 —1 (SU(N,))

partition function

Z = DA? e—S[AZ]
A2 (x,0)=A2 (x5 1/T)

note 1: this is gauge invariant, but to derive it we needed to
fix a gauge

note 2: to evaluate Z via perturbation theory, we need to fix
a gauge again

free case
foy=fs- (4—2)  fouy = fis- (4—2)- (N2 — 1)
ghosts cancel half the gauge field contribution
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Perturbation theory

» pure glue free pressure
872
45

d3p _
psu(s) = —fsuE) = —16‘/(27T)3T|0g(1 —e Py = ——. T
> perturbation theory in g (vertices A3 and A*)
# Blaizot, lancu, Rebhan PRD '03

P/Py
14

1.2

1

0.8

0.6

bands: renormalization scale depence g?(n T < ji < 47 T)
» need for lattice gauge theory
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https://inspirehep.net/literature/614591

Remark: ultraviolet divergences

> thermal free energy is UV finite (e E/T for large p)

» vacuum free energy is UV divergent

A 2
o=y [ 4P [0 + m2=O(A*) + O(m*A2) + O(m* log A?) + O(m*)

(2m)3
» renormalize free energy at T = 0 to zero
ff=Ff—f(T=0)

(normal ordering in operator language)
» for the equation of state

pr=p—p(T=0) € =ec—¢(T=0)
no renormalization necessary for entropy
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Finite T QFT: summary

» all information encoded in log Z
» path integral representation for bosons/fermions with
periodic/antiperiodic boundary conditions

> insight from free / weakly interacting cases

» Matsubara frequencies
» T-independent divergences
» slow convergence of perturbation theory
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QCD on the lattice




In the continuum

» Euclidean path integral

Z:/DAqu/?zw exp [— /Ol/deA,/Lad3xE(x)]

» Lagrangian

1
Z w + my wf + Tr Guu Gp,u
f

> fields
Au=A2T2 Guy = BuAs — OuAs + [Au, A
7/]1‘ = l/Jf,a,c; ng = ’Yu (a + ’AaTd)

P> parameters: my quark masses and g strong coupling
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Discretization

>

discretize space L = a- Ns and imaginary time 1/T = a- N,
X=a-n

path integral
Z— lim /HdAM(n)dz/_J(n)dl/J(n) exp [~ SE! o]
nu

a—0

Nt—>OO

Ns— o0
nonzero T: bosons periodic, fermions antiperiodic in imag.
time
finite volume: periodic boundary conditions in space

11/ 28



Fermion action



Fermion action

> free case: 125?5 = yﬁ‘ﬁauécd

> discretize derivative operator

(m) = LRI04 o)
aud)(n) _ w(” + :a)z_aw(n — ﬁ) + 0(32)

» symmetric discretization is antihermitean and scales better

A

£t = 3 oy, SR Oy (o)
I

2a

» gauge invariance?
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Gauge invariance

» variable substitution to parallel transporter
U, = exp(iaA,) € SU(3)
» gauge transformation (€ unitary)

W(n) = Qn)p(n),  P(n) = $(n)Q(n)
U(n — n+ ) = Uu(n) — Qn)Uu(n)Q1 (n + )

» backward parallel transporter
U(n— n—p) = Ul(n—p)
P action must be gauge invariant

7;(”) Uu(n)yp(n+ fr) —  fermion action
TrU(ng — m)U(n — n2)...U(ngk—1 — ng) —  gluon action
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Fermion action

P include interaction with gluons in a gauge invariant way

(m)ep(n+ f1) — Uf(n — p)o(n — 1)

Elat _ Z 1/_}(”),}% UH
+ mip(n)y(n)

2a

» symbolically
Udn) = = Uln— )=

won

so the Dirac operator

w%gw[T—T]
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Gluon action



Gluon action

» smallest closed curve: plaquette
Pu(n) = U(n) Uy (n + ) Uf(n + #)U}(n)

P gauge invariant combination

Tr Pul,(n) = v v

nop

P other possibilities: larger closed loops
I ®
1x2
Tr P,LLl>/< (n) = v v

nop 7

or winding loops (Polyakov loop)

TrLM(”): o w T H R N




Gluon action

» plaquette in terms of A,

P (n) _ eiaAM(n)eiaAV(n-i-/l)e—iaAu(n—&-ﬁ) e—iaAV(n)

177
» Baker-Campbell-Hausdorff formula

3
eaAeaB — eaA+aB+[aA,aB]/2+O(a )

P> expand shifted gauge fields
Au(n+ D) = Au(n) + ad,Au(n) + O(a%)
> to recover field strength

Pu(n) = exp iz Gyu (n) + O(%)]
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Gluon action

P take trace to make gauge invariant

4
Re Tr(1 — P, (n)) = %Tr Gy (1) G (n) + O(2%)

» full action

Sat = BZZReTr]l— P.(n))

n pu<v

P strong coupling parameter

» path integral over links

Z = /DUeXp[ 52Re( v )}

n,u<v
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Continuum limit

» continuum RG equation perturbatively

_0gr(j1) _
MT;} = —big(ii) + ...
> lattice RG equation perturbatively
_19g(a") _
1 — pho3(a1
a o> ) big>(a ")+ ...

» asymptotic freedom: cont. limit at g — 0, 8 = 6/g> — o0
» continuum limit nonperturbatively

[

~—1—] —

» lattice spacing from scale setting | a(3)

18 / 28



Finite temperature on the lattice



Finite temperature on the lattice

» spatial size: L = Nsa(3)
» temporal size: 1/T = N.a(3)

19 / 28



Finite temperature on the lattice

> spatial size: L = Nsa(p)

» temporal size: 1/T = N.a(3)

> fixed-§ approach: change T by changing N;
» only discrete temperatures possible x

> all temperatures have same lattice spacing v’
» scale setting and renormalization only once v/

high T —t——t— low T
N¢
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Finite temperature on the lattice

> spatial size: L = Nsa(p)

» temporal size: 1/T = N.a(3)

> fixed-§ approach: change T by changing N;
» only discrete temperatures possible x

> all temperatures have same lattice spacing v’
» scale setting and renormalization only once v/

high T —t——t— low T
N¢

» fixed-N; approach: change T by changing 3
P continuous temperatures possible v*
» different temperatures have different lattice spacing x
P scale setting and renormalization for each § x

low T high T
g
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Confinement and deconfinement




Confinement

> free energy of thermal medium: F
free energy in presence of static quark: Fg

» confinement: F; — F = o0
deconfinement: Fg — F < o0

P operator language

o (FFyT _ tre TP

with Py projector to states including static quark & Ukawa '93

> with path integral
/T
P(x) = trPexp | i / dxa Ag(x)
0
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https://inspirehep.net/literature/396296

Polyakov loop

» on the lattice

Pn)=tr [T Ue(m) = 7o 0 e

> average Polyakov loop P = L 3" P(n)
» order parameter for confinement

(P) — o (FaF)T )= 0 confinement
B # 0 deconfinement

> static quark and antiquark at separation r
e Fal=FIT — (P(O)PI(r)) = (P) (1) + O(e™*"/T)

SO

or confinement
Fog(r — 00) — F _
const. deconfinement
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Center symmetry

» symmetry corresponding to confinement/deconfinement?

» transformation under which S is invariant but P is not

= center transformation

» elements of center of group
Ve sothat [V, U]=0 VUeSU(@3)
in our case it is

Z(3) = {1, 31, e " P1} = ¢ 1

VA
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Center symmetry

» center transformation
Ue(n,ng) = Vi - Ue(n, ng) Ve € Z(3) Vn

» gauge action is invariant

[Vg, Uu(n)] =0 = S¢—S¢ % Ve

n o p
» Polyakov loop not invariant
Ve
P(n)—>CP(n) not : t t g Nt
confinement | (P) =0 Z(3) symmetry intact

deconfinement | (P) # 0 | Z(3) symmetry spontaneously broken

23 /28



Spontaneous center symmetry breaking

» Polyakov loop in Polyakov gauge

1 1[IV

not t ot Nt not t ot N

is a boundary condition
» if P(n) is constant, it can be diagonalized

P — tr diag(eiwl, ele2, e—f(@1+502))

P perturbative treatment at high temperature:
log Z(p1, p2) in the background of a constant Polyakov loop
# Roberge, Weiss NPB '86

P three degenerate minima at

p1=9p2=0 Y1 =p2=21/3 @1 =pr=—-21/3
P=3 P — 3¢e2mi/3 P —3e2mi/3
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https://inspirehep.net/literature/18364

Spontaneous center symmetry breaking

» from perturbation theory we except three minima
P=3 P=3&3 p=3e%

P scatter plot at low T and high T £ Danzer et al. JHEP 08

T
ot A
L v
0.0 F- =
-0.1 £ -
1 1l 1
01 00  od

» remember Ising model recipe: limy_,o (|[M|) at h=10
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https://inspirehep.net/literature/800300
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Spontaneous center symmetry breaking

» from perturbation theory we except three minima
P=3 P=3&3 p=3e%

P scatter plot at low T and high T £ Danzer et al. JHEP 08

T
ot A
L v
0.0 F- =
-0.1 £ -
1 1l 1
01 00  od

» remember Ising model recipe: limy_,o (|[M|) at h=10
» alternative 1: measure (|P|)

> alternative 2: measure (P.q) with rotated Polyakov loop

—m/3 < arg Prot < /3 2 )28


https://inspirehep.net/literature/800300

Dictionary 1.

Ising model | Yang-Mills theory
symmetry group Z(2) Z(3)
spontaneous breaking || (M) = a'giz (P)
explicit breaking h ?
symmetry restoration at high T at low T
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Deconfinement transition



Results: Polyakov loop

» (|P]) as function of T in the fixed N;-approach

# Lo et al. PRD '13

1.2

0.8
0.6 -
0.4

0.2 -

» note: UV renormalization: Fq additive ~» (P) multiplicative

ot 07

L 0.6 -
0.5
0.4
03
0.2 -
0.1

0
085 09 095 1 1.05 1.1 115

T,

3 4 5 6

27 / 28


https://inspirehep.net/literature/1244133

Results: susceptibility

» susceptibility of order parameter
XP = <Pr20t> - <'Dr0t>2

» how does peak height scale with volume?
# lwasaki et al. PRD '92

60

* FOU (N=4)
T A ABS(N=4) %

o QODPAX (N;=4) "
401 5 acopax (N=6)

=

Q 4
max rot

20

0 100 200 ‘ S(IJD
V/N'3

» xp(L, Te(L)) ox L3 = V first-order phase transition
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https://inspirehep.net/literature/32338
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