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Outline overall

I lecture 1: introduction to QCD and thermodynamics
I lecture 2: hot Yang-Mills theory on the lattice
I lecture 3: hot QCD on the lattice
I lecture 4: QCD in extreme conditions on the lattice
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Outline lecture 2

I “rest” from lecture 1
I lattice discretization of the QCD action
I confinement and deconfinement
I Polyakov loop
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Non-interacting systems at finite T



Scalars, free case

I scalar field

L = 1
2∂µφ∂µφ+ 1

2m2φ2 = 1
2φ
[
−∂2 + m2

]
︸ ︷︷ ︸

M

φ

I eigensystem Mχ = λ2χ

χ = eiωnτ+ipx λ2 = ω2
n + p2 + m2 ωn = 2nπT n ∈ Z

bosonic Matsubara frequencies

τ

χ

0 1/T

I determinant

log det M = tr log M = T
∑

n

∫ d3p
(2π)3 log

[
ω2

n +

E2
p︷ ︸︸ ︷

p2 + m2
]
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Fermions, free case

I fermion field
L = ψ̄ (/∂ + m)︸ ︷︷ ︸

M

ψ M†M = (−∂2 + m2)14×4

I eigensystem M†Mχ = λ2χ

χ = eiω̄nτ+ipx λ2 = ω̄2
n+p2+m2 ω̄n = (2n+1)πT n ∈ Z

fermionic Matsubara frequencies

τ

χ

0 1/T

I determinant

log det M = 1
2tr log M†M = 2T

∑
n

∫ d3p
(2π)3 log

[
ω̄2

n +

E2
p︷ ︸︸ ︷

p2 + m2
]
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Vacuum and thermal contributions

I trick
∂

∂E T
∑

n
log(ω2

n + E 2) = coth E
2T∫

dE coth E
2T = E + 2T log(1− e−E/T )

I real scalars

frs =
∫ d3p

(2π)3

[Ep
2 + T log(1− e−Ep/T )

]
I fermions

ff = −4
∫ d3p

(2π)3

[Ep
2 + T log(1 + e−Ep/T )

]
I note: Bose/Fermi statistics, sign of vacuum energy, spin and

particle/antiparticle degrees of freedom
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Gauge field theory

I gauge field Aµ (U(1)) or Aa
µ with a = 1 . . .N2

c − 1 (SU(Nc))
I partition function

Z =
∫

Aa
µ(x ,0)=Aa

µ(x ,1/T )
DAa

µ e−S[Aa
µ]

I note 1: this is gauge invariant, but to derive it we needed to
fix a gauge

I note 2: to evaluate Z via perturbation theory, we need to fix
a gauge again

I free case

fU(1) = frs · (4− 2) fSU(Nc ) = frs · (4− 2) · (N2
c − 1)

ghosts cancel half the gauge field contribution
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Perturbation theory

I pure glue free pressure

pSU(3) = −fSU(3) = −16 ·
∫ d3p

(2π)3 T log(1− e−|p|/T ) = 8π2

45 ·T
4

I perturbation theory in g (vertices A3 and A4)
Blaizot, Iancu, Rebhan PRD ’03
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P=P

0

g

2

g

3

g

4

g

5

bands: renormalization scale depence g2(πT ≤ µ̄ ≤ 4πT )
I need for lattice gauge theory
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https://inspirehep.net/literature/614591


Remark: ultraviolet divergences

I thermal free energy is UV finite (e−Ep/T for large p)
I vacuum free energy is UV divergent

fvac = 1
2

∫ Λ

0

4πp2dp
(2π)3

√
p2 + m2 =O(Λ4) +O(m2Λ2) +O(m4 log Λ2) +O(m4)

I renormalize free energy at T = 0 to zero

f r = f − f (T = 0)

(normal ordering in operator language)
I for the equation of state

pr = p − p(T = 0) εr = ε− ε(T = 0)

no renormalization necessary for entropy
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Finite T QFT: summary

I all information encoded in logZ
I path integral representation for bosons/fermions with

periodic/antiperiodic boundary conditions
I insight from free / weakly interacting cases

I Matsubara frequencies
I T -independent divergences
I slow convergence of perturbation theory
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QCD on the lattice



In the continuum

I Euclidean path integral

Z =
∫
DAµDψ̄Dψ exp

[
−
∫ 1/T

0
dx4

∫
L3

d3x L(x)
]

I Lagrangian

L =
∑

f
ψ̄f ( /D + mf )ψf + 1

2g2 Tr GµνGµν

I fields

Aµ = Aa
µT a

cd , Gµν = ∂µAν − ∂µAν + [Aµ,Aν ]

ψf = ψf ,α,c , /Dαβ
cd = γαβµ (∂µ + iAa

µT a
cd )

I parameters: mf quark masses and g strong coupling
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Discretization

I discretize space L = a · Ns and imaginary time 1/T = a · Nt
x = a · n

I path integral

Z = lim
a→0

Nt→∞
Ns→∞

∫ ∏
n,µ

dAµ(n) dψ̄(n) dψ(n) exp
[
−S lat

F+G

]

I nonzero T : bosons periodic, fermions antiperiodic in imag.
time

I finite volume: periodic boundary conditions in space
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Fermion action



Fermion action

I free case: /Dαβ
cd = γαβµ ∂µδcd

I discretize derivative operator

∂µψ(n) = ψ(n + µ̂)− ψ(n)
a +O(a)

∂µψ(n) = ψ(n + µ̂)− ψ(n − µ̂)
2a +O(a2)

I symmetric discretization is antihermitean and scales better

Llat
F =

∑
µ

ψ̄(n)γµ
ψ(n + µ̂)− ψ(n − µ̂)

2a + mψ̄(n)ψ(n)

I gauge invariance?
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Gauge invariance

I variable substitution to parallel transporter

Uµ = exp(iaAµ) ∈ SU(3)

I gauge transformation (Ω unitary)

ψ(n)→ Ω(n)ψ(n), ψ̄(n)→ ψ̄(n)Ω†(n)
U(n→ n + µ̂) = Uµ(n)→ Ω(n)Uµ(n)Ω†(n + µ̂)

I backward parallel transporter

U(n→ n − µ̂) = U†µ(n − µ̂)

I action must be gauge invariant

ψ̄(n)Uµ(n)ψ(n + µ̂) → fermion action
TrU(n0 → n1)U(n1 → n2) . . .U(nk−1 → n0) → gluon action
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Fermion action

I include interaction with gluons in a gauge invariant way

Llat
F =

∑
µ

ψ̄(n)γµ
Uµ(n)ψ(n + µ̂)− U†µ(n − µ̂)ψ(n − µ̂)

2a

+ mψ̄(n)ψ(n)

I symbolically

Uµ(n) = n µ
U†µ(n − µ̂) =

µ n

so the Dirac operator

/D = 1
2
∑
µ

γµ

[
µ
−

µ

]
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Gluon action



Gluon action

I smallest closed curve: plaquette
Pµν(n) ≡ Uµ(n)Uν(n + µ̂)U†µ(n + ν̂)U†ν(n)

I gauge invariant combination

Tr Pµν(n) =
n µ

ν

µ

ν

I other possibilities: larger closed loops

Tr P1×2
µν (n) =

n µ µ

ν

µµ

ν

or winding loops (Polyakov loop)

Tr Lµ(n) = n µ µµ µ
. . .

µ n + Nµµ̂
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Gluon action

I plaquette in terms of Aµ

Pµν(n) = eiaAµ(n)eiaAν(n+µ̂)e−iaAµ(n+ν̂)e−iaAν(n)

I Baker-Campbell-Hausdorff formula

eaAeaB = eaA+aB+[aA,aB]/2+O(a3)

I expand shifted gauge fields

Aµ(n + ν̂) ≈ Aµ(n) + a∂νAµ(n) +O(a2)

I to recover field strength

Pµν(n) = exp
[
ia2Gµν(n) +O(a3)

]
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Gluon action

I take trace to make gauge invariant

Re Tr(1− Pµν(n)) = a4

2 Tr Gµν(n)Gµν(n) +O(a6)

I full action

S lat
G = β

3
∑

n

∑
µ<ν

Re Tr(1− Pµν(n))

I strong coupling parameter

β = 6
g2

I path integral over links

Z =
∫
DU exp

[
− β · 1

3
∑

n,µ<ν
Re
(

3−
n µ

ν

µ

ν

)]
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Continuum limit

I continuum RG equation perturbatively

µ̄
∂gR(µ̄)
∂µ̄

= −b1g3
R(µ̄) + . . .

I lattice RG equation perturbatively

a−1∂g(a−1)
∂(a−1) = −b1g3(a−1) + . . .

I asymptotic freedom: cont. limit at g → 0, β = 6/g2 →∞
I continuum limit nonperturbatively

→

I lattice spacing from scale setting a(β)
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Finite temperature on the lattice



Finite temperature on the lattice

I spatial size: L = Nsa(β)
I temporal size: 1/T = Nta(β)

I fixed-β approach: change T by changing Nt
I only discrete temperatures possible ×
I all temperatures have same lattice spacing X
I scale setting and renormalization only once X

Nt
high T low T

I fixed-Nt approach: change T by changing β
I continuous temperatures possible X
I different temperatures have different lattice spacing ×
I scale setting and renormalization for each β ×

β
low T high T
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Confinement and deconfinement



Confinement

I free energy of thermal medium: F
free energy in presence of static quark: Fq

I confinement: Fq − F =∞
deconfinement: Fq − F <∞

I operator language

e−(Fq−F )/T = tr e−Ĥ/T P̂q

tr e−Ĥ/T

with Pq projector to states including static quark Ukawa ’93

I with path integral

P(x) = trP exp
(

i
∫ 1/T

0
dx4A4(x)

)
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https://inspirehep.net/literature/396296


Polyakov loop

I on the lattice

P(n) = tr
Nt−1∏
n4=0

Ut(n) = n t tt t
. . .

t n + Nt t̂

I average Polyakov loop P = 1
V
∑

n P(n)
I order parameter for confinement

〈P〉 = e−(Fq−F )/T
{

= 0 confinement
6= 0 deconfinement

I static quark and antiquark at separation r

e−(Fqq̄(r)−F )/T = 〈P(0)P†(r)〉 r→∞−−−→ 〈P〉 〈P†〉+O(e−σr/T )

so

Fqq̄(r →∞)− F ∝
{
σr confinement
const. deconfinement
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Center symmetry

I symmetry corresponding to confinement/deconfinement?
I transformation under which S is invariant but P is not

⇒ center transformation

I elements of center of group

Vζ so that [Vζ ,U] = 0 ∀ U ∈ SU(3)

in our case it is

Z(3) = {1, ei2π/31, e−i2π/31} = ζ · 1

ζ =
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Center symmetry

I center transformation

Ut(n, n̄4)→ Vζ · Ut(n, n̄4) Vζ ∈ Z(3) ∀ n

I gauge action is invariant

[Vζ ,Uµ(n)] = 0 ⇒ SG → SG
n µ

t · Vζ

µ

t · V †
ζ

I Polyakov loop not invariant

P(n)→ ζ · P(n) n t tt

Vζ

t
. . .

t n + Nt t̂

confinement 〈P〉 = 0 Z(3) symmetry intact
deconfinement 〈P〉 6= 0 Z(3) symmetry spontaneously broken
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Spontaneous center symmetry breaking

I Polyakov loop in Polyakov gauge

P(n) =
n t t

. . .
t n + Nt t̂

→
n t

1
t

1. . .
t

∏
U

n + Nt t̂

is a boundary condition
I if P(n) is constant, it can be diagonalized

P = tr diag(eiϕ1 , eiϕ2 , e−i(ϕ1+ϕ2))

I perturbative treatment at high temperature:
logZ(ϕ1, ϕ2) in the background of a constant Polyakov loop

Roberge, Weiss NPB ’86
I three degenerate minima at

ϕ1 = ϕ2 = 0 ϕ1 = ϕ2 = 2π/3 ϕ1 = ϕ2 = −2π/3
P = 3 P = 3 e2πi/3 P = 3 e−2πi/3
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https://inspirehep.net/literature/18364


Spontaneous center symmetry breaking

I from perturbation theory we except three minima
P = 3 P = 3 e2πi/3 P = 3 e−2πi/3

I scatter plot at low T and high T Danzer et al. JHEP ’08

-0.1 0.0 0.1

-0.1

0.0

0.1

SU(3)

-0.10

I remember Ising model recipe: limV→∞ 〈|M|〉 at h = 0

I alternative 1: measure 〈|P|〉
I alternative 2: measure 〈Prot〉 with rotated Polyakov loop

−π/3 < arg Prot < π/3
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Dictionary 1.

Ising model Yang-Mills theory

symmetry group Z(2) Z(3)

spontaneous breaking 〈M〉 = ∂ logZ
∂h 〈P〉

explicit breaking h ?

symmetry restoration at high T at low T
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Deconfinement transition



Results: Polyakov loop

I 〈|P|〉 as function of T in the fixed Nt-approach
Lo et al. PRD ’13
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I note: UV renormalization: Fq additive  〈P〉 multiplicative
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https://inspirehep.net/literature/1244133


Results: susceptibility

I susceptibility of order parameter

χP = 〈P2
rot〉 − 〈Prot〉2

I how does peak height scale with volume?
Iwasaki et al. PRD ’92

I χP(L,Tc(L)) ∝ L3 = V first-order phase transition
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