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Different descriptions of dynamical Abelian gauge fields:
Maxwell’s classical electromagnetic gauge fields

~∇ · ~E (~x , t) = ρ(~x , t), ~∇ · ~B(~x , t) = 0, ~B(~x , t) = ~∇× ~A(~x , t)

Quantum Electrodynamics (QED) for perturbative treatment

Ei = −i ∂
∂Ai

, [Ei (~x),Aj(~x
′)] = iδijδ(~x−~x ′),

[
~∇ · ~E − ρ

]
|Ψ[A]〉 = 0

Wilson’s U(1) lattice gauge theory for classical simulation

Uxy = exp

(
ie

∫ y

x
d~l · ~A

)
= exp(iϕxy ) ∈ U(1), Exy = −i ∂

∂ϕxy

[Exy ,Uxy ] = Uxy ,

[∑
i

(Ex ,x+î − Ex−î ,x)− ρ

]
|Ψ[U]〉 = 0

U(1) quantum link models for quantum simulation

Uxy = S+
xy , U†xy = S−xy , Exy = S3

xy ,

[Exy ,Uxy ] = Uxy , [Exy ,U
†
xy ] = −U†xy , [Uxy ,U

†
xy ] = 2Exy



Canonical Quantization of the Electromagnetic Field
The homogeneous Maxwell equations

~∇× ~E (~x , t) +
1

c
∂t ~B(~x , t) = 0 , ~∇ · ~B(~x) = 0

are satisfied when we introduce scalar and vector potentials

~E (~x , t) = −~∇φ(~x , t)− 1

c
∂t ~A(~x , t) , ~B(~x , t) = ~∇× ~A(~x , t)

Under a gauge transformation

φ′(~x , t) = φ(~x , t)− 1

c
∂tα(~x , t) , ~A′(~x , t) = ~A(~x , t)− ~∇α(~x , t)

the electromagnetic fields are invariant

~E ′(~x , t) = −~∇φ′(~x , t)− 1

c
∂t ~A

′(~x , t) = −~∇φ′(~x , t)− 1

c
~∇∂tα(~x , t)

− 1

c
∂t ~A(~x , t) +

1

c
∂t ~∇α(~x , t) = ~E (~x , t)

~B ′(~x , t) = ~∇× ~A′(~x , t) = ~∇× ~A(~x , t)− ~∇× ~∇α(~x , t) = ~B(~x , t)



Relativistic Formulation of Electrodynamics with 4-Vectors

x0 = ct , xµ = (x0, ~x) , ∂µ =

(
1

c
∂t , ~∇

)
, Aµ(x) = (φ(~x , t), ~A(~x , t))

The field strength tensor

Fµν(x) = ∂µAν(x)− ∂νAµ(x)

=


0 −Ex(~x , t) −Ey (~x , t) −Ez(~x , t)

Ex(~x , t) 0 −Bz(~x , t) By (~x , t)
Ey (~x , t) Bz(~x , t) 0 −Bx(~x , t)
Ez(~x , t) −By (~x , t) Bz(~x , t) 0


is invariant under gauge transformations

A′
µ

(x) = Aµ(x)− ∂µα(x) ,

F ′
µν

(x) = ∂µA′
ν
(x)− ∂νA′µ(x)

= ∂µAν(x)− ∂νAµ(x)− ∂µ∂να(x) + ∂ν∂µα(x) = Fµν(x)



From the Lagrangian to the Hamilton Density

L(∂µAν) = −1

4
Fµν(x)Fµν(x) =

1

2

(
~E (x)2 − ~B(x)2

)
Temporal gauge fixing

A0(x) = φ(~x , t) = 0

Canonically conjugate momenta

Ei (x) = −∂0Ai (x) , Πi (x) =
δL

δ∂0Ai (x)
= ∂0Ai (x) = −Ei (x)

Classical Hamilton density

H(Ai ,Πi ) = Πi (x)∂0Ai (x)− L =
1

2
(Πi (x)Πi (x) + Bi (x)Bi (x))

=
1

2
(Ei (x)Ei (x) + Bi (x)Bi (x))

Classical Hamilton function

H =

∫
d3x H =

∫
d3x

1

2

[
Πi (~x)Πi (~x) + εijk∂jA

k(~x)εilm∂lA
m(~x)

]



From classical to quantum electrodynamics
Canonical commutation relations

[Âi (~x), Π̂j(~y)] = i δijδ(~x − ~y) , [Âi (~x), Âj(~y)] = [Π̂i (~x), Π̂j(~y)] = 0

Conjugate momentum operator

Π̂i (~x) = −i δ

δAi (~x)

Hamilton operator of the electromagnetic field

Ĥ =

∫
d3x

1

2

[
Π̂i (~x)Π̂i (~x) + εijk∂j Â

k(~x)εilm∂l Â
m(~x)

]
Fourier transform

Âi (~p) =

∫
d3x Âi (~x) exp(−i ~p · ~x) , Âi (~p)† = Âi (−~p)

Π̂i (~p) =

∫
d3x Π̂i (~x) exp(−i ~p · ~x) , Π̂i (~p)† = Π̂i (−~p)

[Âi (~p), Π̂i (~q)] = i (2π)3δijδ(~p + ~q)

[Âi (~p), Âj(~q)] = [Π̂i (~p), Π̂i (~q)] = 0



Diagonalization of the Hamiltonian

Ĥ =
1

(2π)3

∫
d3p

1

2

[
Π̂i (~p)†Π̂i (~p) + εijkpj Â

k(~p)†εilmpl Â
m(~p)

]
Gauss law

~∇ · ~̂E (~x) |Ψ〉 = 0 ⇒ pi Π̂i (~p) |Ψ〉 = 0

Quadratic form of the magnetic field term

εijkpj Â
k(~p)†εilmpl Â

m(~p) =

(Â1(~p)†, Â2(~p)†, Â3(~p)†)

 ~p 2 − p21 −p1p2 −p1p3
−p2p1 ~p 2 − p22 −p2p3
−p3p1 −p3p2 ~p 2 − p23

 Â1(~p)

Â2(~p)

Â3(~p)


Symmetric matrix

M(~p)ij = ~p 2 (δij − epiepj) , ~ep = ~p/|~p|

~e1 · ~ep = ~e2 · ~ep = 0 , ~e1 · ~e2 = 0 , ~e1 × ~e2 = ~ep , ~e± =
1√
2

(~e1 ± i~e2)

~e ∗± · ~e± = 1 , ~e± · ~ep = 0 , ~e ∗− · ~e+ = 0 , ~e− × ~e+ = i ~ep (1)



Unitary transformation diagonalizes M(~p)

U(~p) =

 e+1 e+2 e+3

ep1 ep2 ep3
e−1 e−2 e−3

 , U(~p)M(~p)U(~p)† = ~p 2

 1 0 0
0 0 0
0 0 1


 Â+(~p)

Âp(~p)

Â−(~p)

 = U(~p)

 Â1(~p)

Â2(~p)

Â3(~p)

 ,

 Π̂+(~p)

Π̂p(~p)

Π̂−(~p)

 = U(~p)

 Π̂1(~p)

Π̂2(~p)

Π̂3(~p)


Diagonalized Hamilton operator

Ĥ =
1

(2π)3

∫
d3p

1

2

[
Π̂+(~p)†Π̂+(~p) + ~p 2Â+(~p)†Â+(~p)

+ Π̂−(~p)†Π̂−(~p) + ~p 2Â−(~p)†Â−(~p) + Π̂p(~p)†Π̂p(~p)
]

Hamilton operator commutes with Gauss law constraint

[Ĥ, Π̂p(~p)] = 0 , Π̂p(~p) = U(~p)pi Π̂i (~p) = −epi Êi (~p) = −
~p

|~p|
· ~̂E (~p)



Creation and annihilation operators for photons

â±(~p) =
1√
2

[√
|~p|Â±(~p) +

i√
|~p|

Π̂±(~p)

]

â±(~p)† =
1√
2

[√
|~p|Â±(~p)† − i√

|~p|
Π̂±(~p)†

]

Commutation relations

[â±(~p), â±(~q)†] = (2π)3δ(~p − ~q)

[â+(~p), â−(~q)†] = [â−(~p), â+(~q)†] = 0

[â±(~p), â±(~q)] = [â±(~p)†, â±(~q)†] = 0 (2)

Hamilton operator in the physical sector

Ĥ =
1

(2π)3

∫
d3p |~p|

(
â+(~p)†â+(~p) + â−(~p)†â−(~p) + V

)
(3)



Vacuum and photon states

â±(~p)|0〉 = 0 , Ĥ|0〉 = E0|0〉
|~p,±〉 = â±(~p)†|0〉 , Ĥ|~p,±〉 = E (~p)|~p,±〉 , E (~p)− E0 = |~p|

Momentum operator and momentum of photons

~̂P =

∫
d3x

1

2

(
~̂E (~x)× ~̂B(~x)− ~̂B(~x)× ~̂E (~x)

)
=

1

(2π)3

∫
d3p ~p

(
â+(~p)†â+(~p) + â−(~p)†â−(~p)

)
[
~̂P, â±(~p)†

]
= ~p â±(~p)† ⇒ ~̂P|~p,±〉 = ~p |~p,±〉 (4)

Angular momentum operator and helicity of photons

~̂J =

∫
d3x ~x × 1

2

(
~̂E (~x)× ~̂B(~x)− ~̂B(~x)× ~̂E (~x)

)
[P̂i , Ĵj ] = iεijk P̂k ⇒

[
~̂P, ~̂P · ~̂J

]
= 0[

~̂J · ~ep, â±(~p)†
]

= ±â±(~p†) ⇒ ~̂J · ~ep|~p,±〉 = ±|~p,±〉 (5)

Homework: Recapitulate Lecture 1a and verify eqs.(1-5).
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Wilson’s concept of a parallel transporter

Uxy = exp

[
ie

∫ xk+a

xk

dxk Ak(x)

]
∈ U(1)

Behavior under gauge transformations

Ak(x)′ = Ak(x)− ∂kα(x) ⇒

U ′xy = exp

[
ie

∫ xk+a

xk

dxk A′k(x)

]
= exp

[
ie

∫ xk+a

xk

dxk {Ak(x)− ∂kα(x)}
]

= exp

[
ie

{∫ xk+a

xk

dxk Ak(x) + α(x)− α(y)

}]
= ΩxUxyΩ†y , Ωx = exp [iα(x)] ∈ U(1)

Quantum mechanical analog “particle” on a circle S1 = U(1)

U = exp(iϕ) , U† = exp(−iϕ) , E = −i∂ϕ
[E ,U] = U , [E ,U†] = −U† , [U,U†] = 0



Three analog “particles” on a plaquette
G1 G2

G3

U12, E12

U23, E23U31, E31

E12 = −i∂ϕ12 , E23 = −i∂ϕ23 , E31 = −i∂ϕ31

Three-”particle” Hamiltonian

H = T12 + T23 + T31 + V123

=
E 2
12

2I
+

E 2
23

2I
+

E 2
31

2I
− 1

e2
cos(ϕ1 + ϕ2 + ϕ3)

=
E 2
12

2I
+

E 2
23

2I
+

E 2
31

2I
− 1

2e2
(U12U23U31 + U†31U

†
23U

†
12)

Invariance against relative rotations

G1 = E12 − E31 , G2 = E23 − E12 , G3 = E31 − E23

[H,G1] = [H,G2] = [H,G3] = 0 (6)



Many “particles” in S1 forming a U(1) lattice gauge theory

1̂

3̂

2̂

Ex,x+1̂

Gx

Ex−3̂,xEx,x+2̂

Ex−1̂,x

Ex,x+3̂ Ex−2̂,x

H =
e2

2

∑
〈xy〉

E 2
xy −

1

2e2

∑
〈xyz〉

(UxyUyzUzx + U†zxU
†
yzU

†
xy ) , I =

1

e2

Link-based operator algebra

[El ,El ′ ] = 0 , [El ,Ul ′ ] = iδll ′Ul , [El ,U
†
l ′ ] = −iδll ′U†l

[Ul ,Ul ′ ] = [U†l ,U
†
l ′ ] = [Ul ,U

†
l ′ ] = 0

Invariance against gauge transformations

Gx =
∑
k

(Ex ,x+k̂ − Ex−k̂,x) , [Gx ,Gy ] = 0 , [H,Gx ] = 0 (7)



General gauge transformations and Gauss law

V =
∏
x

exp(iαxGx) , VUxyV
† = ΩxUxyΩ†y (8)

States with external charges Qx ∈ Z
Gx |Ψ,Q〉 = Qx |Ψ,Q〉 , Q = {Qx}

Standard Gauss law

Gx |Ψ〉 = 0

Canonical quantum statistical partition function

ZQ = Tr[exp(−βH)PQ ]

Potential between external charges Qx = 1, Qy = −1

ZQ

Z
= exp(−βV (x − y)) , V (x − y) ∼ σ|x − y |

Homework: Recapitulate Lecture 1b and verify eqs.(6-8).
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