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Outline

Lecture 1a: What are Photons?



Different descriptions of dynamical Abelian gauge fields:
Maxwell's classical electromagnetic gauge fields

V-E(Xt)=p(Xt), V-B(xt)=0, B(xt)=V x A1)
Quantum Electrodynamics (QED) for perturbative treatment

Ei= o E(R), A = ig(3x"), [V E ] [W]A]) = 0
Wilson's U(1) lattice gauge theory for classical simulation
Y - -
ny = exp <I€/ dl- A) = exp(igoxy) S U(].), Exy = — 6
X a@xy

Z(EX,X-i-f_ Ex—f,x) —p |W[U]> =0

i

[Exya ny] = ny7

U(1) quantum link models for quantum simulation

Uy =S}, U,=S, Ey=S5},

[Exya ny] = nya [Exya Uj:y] = _Ul}m [nya Uiy] = 2Exy




Canonical Quantization of the Electromagnetic Field
The homogeneous Maxwell equations

. - 1. - I
VxE(%,t)—i—E(‘BtB(Z,t):O, V-B(x)=0

are satisfied when we introduce scalar and vector potentials

—

- 1. - -
E(xX,t) = —Vo(x, t) — EatA(z, t), B(X,t)=

—

N—r
<l
X

—~

N—r

Under a gauge transformation
§(%,t) = 6(%, 1) %&a(i’, 0, AR t) = A% 1) — Va(x, 1)

the electromagnetic fields are invariant

E(xt) = —Vo(x0)~ 04 1) = ~Vo(%,t) - Vo(x,1)
1 - 1
— Z0AR )+ Z0Fa(z 1) = ER. 1)
B'(x,t) = VxA(X1t)=VxAKXt)—VxVa(zt)=B(Xt



Relativistic Formulation of Electrodynamics with 4-Vectors

XV =ct, x*=(x%), 0, = Catﬁ) , AR (x) = (8(X, t), A(X, t))
The field strength tensor

Fr(x) = orAY(x) — 0"AH(x)
0 —E(x,t) —E/ (X, t) —E;(X,t)
B E (X, t) 0 —-B,(x,t) By(X,t)
N E, (X, t) B.(x,t) 0 —B«(X,t)
E,(X,t) —B,(X,t) B.(X,t) 0
is invariant

under gauge transformations
At(x) = Al(x)—0"a(x)
F'™™ (x) A (x) — YA (x)

DAY (x) — O A (x) — 01" a(x) + 8O a(x) = F1(x)



From the Lagrangian to the Hamilton Density
1 1 /- =
L@"A") = =3 Fu()F™ (x) = 5 (E(x)? = B(x)?)
Temporal gauge fixing

A(x) = ¢p(X,t) =0
Canonically conjugate momenta

Ei(x) = —0°A(x) , Mi(x) = (m(i\ﬁf(@ = °Al(x) = —Ei(x)
Classical Hamilton density
HALT) = M)A — £ = 3 (M(Mi(x) + Bi(x)Bi(x)
= S (EGER) + Bi(x)Bi(x))

Classical Hamilton function

H = / Px H = / £x % [MANR) + A (ReimdrA(3)|



From classical to quantum electrodynamics
Canonical commutation relations

[A'(x), [;(7)] = 1 656(% = ¥) , [A(R), A (7)] = [Mi(x), N;(7)] = 0
Conjugate momentum operator
.0
T SAI(R)
Hamilton operator of the electromagnetic field

(%) =

N 1A N ~ ~
H = /d3X 5 {I’I,()?)I'I,()?) + €UkajAk(;)€f/m8/Am(;)]

Fourier transform



Diagonalization of the Hamiltonian

= L 17p (5 o n AR (AT e Am( =
H= (27)3 /d P3 [I’I (B)'1i(P) + cixpjA*(B) €irmpi A™ (B)

Gauss law

V- EF) W) =0 = pifli(p) W) =0

Quadratic form of the magnetic field term

€iik DA  (P)  €itmpr A (P) =

, - p?2—pf —pip2  —pip3 41(5)
(AY(p), A2(p) A3(B)") | —papr P2—pP3 —p2ps A2(p)
-p3p1 —p3p2 B2 —p3 A3(p)

Symmetric matrix
M(P)j = B (6 — epieps) » & = B/|p]
éi-ep=6-¢=0,8&-6=0,ax6=2¢, & =—F(f i)

Er EL=1,8 &=0,8" & =0,¢& x& =ié, (1)



Unitary transformation diagonalizes M (p)

€+1 €42 €43 00
UPB)=| e e e |, UPM@BU@E) =p>| 0 0 0
01

€_1 €_2 e_3

Diagonalized Hamilton operator
A . ]_ 3 1 a3 — T" — -2 A — 'I- —
A= oo [ 05 (@)1 (p) + 524:(5) 1A (9
+ N_(P)M_(p) + p2A_(B)1A_(p) + M1,(B) T(p)

Hamilton operator commutes with Gauss law constraint

—

1A (2] = 0, (B) = U(P)f1i(B) = ~esii() = — - E(p)



Creation and annihilation operators for photons

s = L UEA s 4 (s

it(p) = ﬁ[ |p|A+(P) + wﬂi(p)]
@ = 1| VFAG) - A )
+(P) ﬁ[ 1P| A+(P) ’ﬁ’ﬂi(p)]

Commutation relations

[8:(P), 4+()"] = (27)*5(5 — q)

[4+(P), a-(d)'] = [4-(P), 4+(D"] =

[3:(5). 4:(D)] = [32(P)", 4x()'] = (2)
Hamilton operator in the physical sector

A= s [ @019 (2005 + 530 5-()+ V) @)




Vacuum and photon states
5:(p)I0) =0, A|0) = Eo[0)
6. +) = 2:(p)'10) , AIG.+) = E(B)IF, %) . E(P) — Eo = |
Momentum operator and momentum of photons
P / x % (Ex) x Bx) - B(x) x E(9))
— s | P A (30180 + 8- (912 (7))
(2m)3

Pacp)l] =pacp) = Plot)=p5lp%)  (4)

Angular momentum operator and helicity of photons

A~ ~

2 1/ 2 2 N

J= /d3x %% 5 (E()?) x B(X) — B(x) x E()?))

[/S,',jj] = iﬁ,jklsk = [13, 13 . j} =0

&, 4:(0)| = +4u(5") = J-&lp.+) = +|5, %) (5)

Homework: Recapitulate Lecture 1a and verify egs.(1-5).



Outline

Lecture 1b: Kogut-Susskind Hamiltonian for U(1) Gauge Theory



Wilson's concept of a parallel transporter

Xi+a
Uy = exp [ie/ dxy Ak(x)] € U(1)

Xk
Behavior under gauge transformations

Ac(x)) = Ak(x) — Oka(x) =

r Xk+a
U, = explie / dxk A?((X):|

L X

= exp _ie /XXkH dxi {Ak(x) — aka(x)}]

k

= eief [ a0 A + a0 a0}

= QUyQ} ,kQX = exp [ia(x)] € U(1)

Quantum mechanical analog “particle” on a circle S = U(1)
U=exp(ip), U =exp(—ip), E=—id,
[E,Ul=U, [E,U]=—-U", [UU]=0



Us1, Es1 Uss, Eng

In . " G Gs
Three analog “particles” on a plaquette =& UV=fe ™

E]_2 - _iasolz 5 E23 - _ia¢23 5 E3]_ - _ia¢3l

Three-" particle” Hamiltonian

H = Tio+ Toz+ Ta1+ Vigs
E122 E223 E31 1
= g T T el teates)

2 2 2
E12 E23 E31

S Yo Yo T e 2(U12U23U31 + U31U23U1Tz)
Invariance against relative rotations

Gi=FEp—E1, Go=Ex—Epn, G3 = E3; — Ep3
[H,G1] = [H, G2] = [H, G3] =0 (6)



Many “particles” in S* forming a U(1) lattice gauge theory

Ex,m+i

e? 1 )
H:?ZEEy_TezZ(nyUyzsz‘i‘UlXU;ZUly) R I:?
(xy) (xyz)

Link-based operator algebra
[E,E/]=0, [E,Upl=idpU, [E,U}]=—idyUf
[Ur, U] = U], Uf] = (U1, U] = 0

Invariance against gauge transformations

Ge=> (Eexii—Ecin) [GuGl=0,[H,G]=0 (7)
k



General gauge transformations and Gauss law

V =[] explionGy) , VUy VT = QU Qf,

States with external charges Q, € Z
GV, Q) = ¥, Q) , Q={Q}
Standard Gauss law
Ge|W) =0
Canonical quantum statistical partition function

Zg = Trlexp(—BH)Pq]

Potential between external charges Q, =1, Q, = —1
Z
7Q =exp(—BV(x—y)), V(x—y)~olx—y|

Homework: Recapitulate Lecture 1b and verify egs.(6-8).
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Lecture 2a: U(1) Quantum Link Models



Outline

Lecture 2b: The Sign Problem and Quantum Simulation



Outline

Lecture 3a: Kogut-Susskind Hamiltonian for SU(N) Gauge Theory



Outline

Lecture 3b: Non-Abelian Quantum Link Models



	Lecture 1a: What are Photons?
	Lecture 1b: Kogut-Susskind Hamiltonian for U(1) Gauge Theory
	Lecture 2a: U(1) Quantum Link Models
	Lecture 2b: The Sign Problem and Quantum Simulation
	Lecture 3a: Kogut-Susskind Hamiltonian for SU(N) Gauge Theory
	Lecture 3b: Non-Abelian Quantum Link Models

