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Multi-hadron observables

[J Exotics, XYZs, tetra- and penta-quarks, H dibaryon

e.g. X(3872)
~ DD + D D*)?

Candidates per 1 MeV

[0 Eletroweak, CP violation, resonant enhancement

CP violation in charm D — T, KF
. LHCb (PRL, 2019) -
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. LHCb (PRD92, 2015) -«
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A P 1“‘1, .......
740 760 780 800 820

AM = Mr'mdly) - M(J/y) [MeV]

o

f0(171()) could enhance AACP

e Soni (2017) -

Resonant B decays B — K* ff —> Kﬂ' M

X)), 1p),|K*),|fo) €& QCD Fock space
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QCD Fock space

[J At low-energies QCD = hadronic degrees of freedom 7 ~ ud, K ~ su, p ~ uud

[ Overlaps of multi-hadron asymptotic states — S matrix

|77, in)

.g. |

dependson § = Egm
and angular variables

diagonal in angular momentum

L%
S(s) = <7T7T»0“t|$o
Ve

[J An enormous space of information nrnm,in)  |KK,in)

My(s) ox €2¥¢0s) — 1
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QCD resonances
[J Roughly speaking,a bump in: |./\/lg(8)‘2 X ‘62i5£(8) — 1‘2 X Sin2 55(8)

scattering rate
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QCD resonances
[J Roughly speaking,a bump in: ‘./\/lg(s)‘z X ‘62i5€(8) — 1‘2 X Sin2 5g(8)

scattering rate

60 0.6 0.8 1
e, OO =17 (177) T — T
—‘_‘40 nﬂ [0 Unn .‘}\/.‘,
DY c O o ® "o _
— 20 o Pw<:o, Ttz 9/pivo>!z
0 ; Protopopescu et al. (1972)

0.6 0.8 1

Extend to the
complex plane
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QCD resonances
[J Roughly speaking,a bump in: ‘./\/lg(s)‘Z X ‘6%52(8) — 1‘2 X Sin2 5g(8)

scattering rate
0.6 0.8 1

60 .
G(TPCY _ 14+ (1——
S T =1 T — T
—‘_‘40 un p nn !} .‘,
z a @ ';3<I./00 a _ | \/ «'
o X “ pions ¥
Protopopescu et al. (1972)
0.8 1
E (GeV)
A Analytic continuation reveals a complex pole
< O
@ bound state
Ep = Mp

Er = Mg+ il'g/2

resonance @ :>¢C<:.
9




Pole is universal

] Resonances often seen in “production”

B %J/wﬂ' T

(b) LHCb
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(as opposed to scattering)
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different couplings




Optical theorem
[ One can write the angular-momentum-projected amplitude as C>/r’
iMy(s) = (out|in), — disc. o g

= (outin)e — (out|out)y ¢ -E-

[0 This then leads to the identities

Z.IM[%(S\] = <oe‘\'\cqf7x “'(’xv\\'\t\z - <§¢‘\'\'«\7& - <\l\\ Q\ﬁz
l%(s\\zz ((kc\\os\'z -Lastiout 23 ((Qo\'\w\z ={ast \00&2\

[] Integrating out-states in (2) and substituting 1= Jlout)(outl then yields

gl%@\\‘ 2T |

[J For two-particle energies the integral becomes a simple factor...

P& 76| = Tl o= il

YA




Analyticity

[ Instead of |M(s)|* — analytically continue the amplitude itself 6> <:C

For two-particle energies (2m)? < s < (4m)?, what is the analytic structure! @

[0 The optical theorem tells us...
p(s)|Me(s)]* = Im M,(s)

/1 —4m?/s
B 327

where p(s) is the two-particle phase space

1
[ Unique solution is... M(s) = KE(S)_l — ip(S)

K matrix (short distance) phase-space cut (long distance)

C Key message: The scattering amplitude has a square-root branch cut )




Bethe Salpeter equation

[J All orders diagrammatic expansion

M:><><><:O: >@'<>£>< é
<O D X< KB o< o

[ Construct O and —e— such that this is true
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Bethe Salpeter equation

[J All orders diagrammatic expansion

N\ . ¢ ~ N\ \}l/ \}L_/
/\/l: > < /()\ D e e e AR

[ Construct O and —e— such that this is true

0= =




Bethe Salpeter equation

[J All orders diagrammatic expansion
N
RN }L N & S
M= > [XOx] § Xo< X< XX
N

[ Construct O and —e— such that this is true

0= =
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Bethe Salpeter equation

[J All orders diagrammatic expansion
e B

[ Construct O and —e— such that this is true

0 == [




Bethe Salpeter equation

[J All orders diagrammatic expansion

M:

‘@eZe)elelo

[ Construct O and —e— such that this is true

o:xﬁeé

o Q




_‘

Bethe Salpeter equation

[J All orders diagrammatic expansion

M= > X< § >@<>& >é<
SO P X< B >0 6K

[ Construct O and —e— such that this is true

Bethe Salpeter kernel
— NST TA
. = = Q @( é( ()O(P“ B.S. MM_\> (2Pl in the s-channel)
e~ chaane)

Fully dressed propagator
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Bethe Salpeter kernel

ozxﬁeé

[J Analyticity of B.S. kernel

time-ordered (old fashioned) perturbation theory

E— o

/ :
P1:Po b — wpl o wPQ o wP_pl_p2
]

We s pirwC

[J Real and analytic for s < (3m)?

no i€ needed if pole is not satisfied




Analyticity of / (from B.S. kernel)
C> <:C
For two-particle energies (2m)? < s < (4m)?, what is the analytic structure! @ L

) =0+ QO+ )‘l‘( —— propagatng on

non-analytic:
on-shell particles = singularities

Qe 0= +

p(s ocz\/s— (2m)?

cutting rule

:[l++“'] n [l++]:[l++] .
p(s)

1 branch-cut singularity

= K(s) + K(s)p(s)K(s) + - = K(s)~1 = p(s) \/'\/S—(QW)Q
e
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Cuts and sheets

1 1 2i8,(s) . 5
- X — o e — 1] s) X irn/s — (2m
KCo(s)=t —p(s)  pcotosls) —ip p( ) \/ ( )

My(s)

[J Each channel generates a square-root cut = doubles the number of sheets

A A
physical sheet g — Egm unphysical sheet

SR — (MRo—l— iFR/2)2
< o e e S aaaa oo S oA AAAAAAAAALAL
S —9<o

v v

resonance poles only on 2nd sheet

[J Important lessons:

Details of analyticity = important for quantitative understanding

Possible to separate...
(i) long-distance kinematic singularities

(ii) short-distance/microscopic physics (depending on interaction details)
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[J The finite volume...

O Discretizes the spectrum
O Eliminates the branch cuts and extra sheets
O Hides the resonance poles

Finite-volume analytic structure Infinite-volume analytic structure
1 Sheet |
) L e aaaaaaas
A
v
< o p e 0—00 >
T Sheet Il
v
] ‘
[ LQCD — Energies and matrix elements O

(0;(1)0}(0)) = Y (010;(T)| Ex){Ea|O](0)[0) = Y e~ BT Z, ;77

n n

[J Our task is relate E,,(L) and (E,,/|J(0)|Ey,) to experimental observables




The finite-volume as a tool

[d Finite-volume set-up [ cubic, spatial volume (extent L)

______________ ] periodic

,.-.'.':'._._;:.------.I ; A EQ(L) 27.‘.

: ; o, — — — 3

SR Ey(L) p=—mn, nel

v . . — M, L

T i/L Eo(L) 1 Lis large enough to neglect €
L

[ T and lattice also negligible

[J Scattering leaves an imprint on finite-volume quantities

Ey, = 2M Ny
Infinite-volume thrzshold Finite-volume ground state

4
My—o(2M,) = =327 M ,a Eo(L) = 2M, + MWZS | 0(1/L4)

 Huang, Yang (1958) -
e A




The finite-volume as a tool

[d Finite-volume set-up [ cubic, spatial volume (extent L)

______________ ] periodic

,.-.'.':'._._;:.------.I ; A EQ(L) 27.‘.

: ; o, — — — 3

SR Ey(L) p=—mn, nel

v . . — M, L

T :/L Eo(L) 1 Lis large enough to neglect €
L

[ T and lattice also negligible

[J Scattering leaves an imprint on finite-volume quantities

Eo = 2M;

Infinite-volume threshold

./\/lgzo (QMW) = —327

 Huang, Yang (1958) -

e S
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Bethe-Salpeter kernel

.:xg@-()é( = B(s)

[ Exponentially suppressed volume effects et for (2m)* < s < (3m)*

time-ordered (old fashioned) perturbation theory

<X Z

1 1 1 1
62w DD

— Wy, — WP—p. — — Wp. — WP—p. —
P1,P2 P2 P17 P> D1,Po P> P—p,—p,

[J Recall... |
/ 'smooth| gtbkn — O(e_mL)
k




Derivation M(s) M (P)
[J Consider the finite-volume correlator: . , poles give f.v.
probability amplitude
spectrum

‘ +

Cut projects loop to on=-shell energles
F = matrix of known geometric functions

Defines the K matrix

[ oo - ll++lcll++] L

F

e Lischer (1986) ¢ Kim, Sachrajda, Sharpe (2005) « MTH, Sharpe (coupled channels, 2012)




Result

F ( P7 L) Matrix of known

geometric functions

A By (L) finite volume * o unitarity ’ [ )
B e S ® > O
o ) L L

Holds only for two-particle energies s < (4m)* Neglects e~ ML

Generalized to non-degenerate masses, multiple channels, spinning particles

Encodes angular momentum mixing

Foe <M we hoste =% :
Yo NQTVY obost >©< Era-wneme

Huang, Yang (1958) +« Liischer (1986, 1991) ¢ Rummukainen, Gottlieb (1995)
Kim, Sachrajda, Sharpe (2005) Christ, Kim, Yamazaki (2005) e+  He, Feng, Liu (2005)
Leskovec, Prelovsek (2012) e«  Bernard et. al. (2012) «  MTH, Sharpe (2012) +  Briceno, Davoudi (2012)
L1, Liu (2013) « Bricefio (2014)

:
B



Cutting rule , z 3
E'-(é\ O 0. =0L0 - 0OrC
P TN I ;

1)1 d°k /
BoFeB= 5|55 > o [(30s | BepRDBDE- 0BG k.p)

_ L Bl B (e ) B
= oAy 2TV R AT KT O T, As emeckh
2™ (202 (E-202) s

= Ym(P\@mm(s\ oo o (EL Bpe s () Vs (PX

Yu‘u' \(l. '
“ (20 (E-200




Pole prescription freedom

O LOI=0mO+ 0. O | 0OLOI=00c0+ 0. C

s g .
|
My (P)=[@r+ @O+ | M(P)=[ @+ @ioer s
_[1++]: _ l+)@(+:
X :(++...] + X :.:+:‘i7“:a‘:+] 4
1 |




1/L expansions @ . @

_ | _ %‘:
pcotd(p) = 7 Z—p.v./d?’n — ? 21 )
L n - E"Q-‘\)? +N\

dex[R'4F]=0
S = e?"% Q% ok Q?‘%"l o Pm‘\';-'s? - H.\* ?@*S

+, A= —_D ( Ee(‘-\gz“}\ * Li% + D('/I.:‘S

HQN«S <+ \(o.v\f)
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0.16 |

0.14

0.20

0.18

0.16

0.14

Using the result
[] Single-channel case (pions in a p-wave)
—1 —
K(sn) " = pcotd(s,) =—F(FE,, P, L)
P = [000]|| T
__________________________________________________________________________ 180
& R < R
_ —p—
Sa'a P =10,0,0]
i o Ljas =16 P =10,0,1]
SHE 0 L/a, =20 P=10,1,1]
- = A Llas =24 P = [1,1,1]
| P =10,0,2]
16 20 24 30 i @
A T — T
0 Il_(3_| I I |
0.14 0.15 0.16 0.17 0.19 a;Eem

* Dudek, Edwards, Thomas in Phys.Rev. D87 (2013) 034505 -




P — T
19(JPC)y =17(1"7)

" Guo et al. (2016)

150+ Ni=2, mr=226 MeV

61[°]

am,=0.1390(5) -

am,=0.4603(10) |
8pmn=599(11) |
x?/dof=33.5/9=3.7 -

am,,=0.4613(10) -
8prn=5.69(12)
y?/dof=8.04/6=134 |

I 1 L 1 I

Ecm/ My

4.0

4.5

-
180
135 1
Leskovec et al. (2017)
g 90 - N=2+I, mr=316 MeV
45+ am,, = 0.4609(16)(14)
Jprm — 569(13)(16)
0.42 0.48 0.54 0.60

170}
SE]

90|

Andersen et al., (2019)
N=2+1, mr=220 MeV

4.0




P — T
1°(JP)y =17(1"7)

- Erben et al., Phys.Rev. D 101 (2020) 5, 054504

f
8'0_ S e b o0 PACS-CS (2011)
B = m HSC (2012)
751 Nf = 2+1 (up, down, strange) e ot
70l A HSC (2015)
1 Bulava et al. (2015)
6.5 v Fu, Wang (2016)
~l ® Leskovec et al. (2017)
B 6.0 m Andersen et al. (2018)
ke & Werner et al. (2019)
55 % physical value
5.0 +_
4.5¢ -
4.0_ ! ) | ) L L L | ) ! L L | ! ! ) L | L L | ) | L L L ) | ) L ! ! | |
8o m—m—mm—™—— T T T ] T
7.5- N¢ = 2 (up, down) -
7.0 .
i n
6.5 1 + -
| | i
T - B ]
%} < <+ @ [® Langetal. (2011)
5.5F A < m ETMC (2011)
- + GWU (2012)
5.0 A Balietal. (2015)
- < GWU (2016)
4.5+ O This work
s * physical value
40 L | I f L L | L L ! L | L ) L ! | ! L L ) | ! ! L L | L ! ! L | L L f L | L
’ 150 200 250 300 350 400 450 500
mn/MeV

B
i
&
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Kk — K
p—TT K* — Km
J CP-PACS/PACS-CS 2007,2011 }K*(892) J Lang et al. 2012
dJ ETMC 2010 N O Prelovsek et al.2013

(] Lang et al.201 |
0 HadSpec 2012,2016

0 Wilson et al. 2015
d ROQCD 2015

[ Pellisier 2012 {0 Brett et al. 2018

O ROCD 2015 J Wilson et al. 2019

J Guo etal.2016 | J Rendon et al. 2020

O Fuetal.2016 __ /P

[J Bulava et al.2016

[J Alexandrou et al. 2017 | | — 1~ bl — TW, 7T¢

0 Andersen et al.2018
{OJ Fischer et al. 2020
{OJ Erben et al. 2020

[0 Woss et al. 2019

ao(980) — mn, KK

0 Dudek et al. 2016

g o, fo, fo — wm, KK, mn
T Yr E— ,, - O Bricefio et al. 2017
[ Wakayama 2015 / ao(980)

0 Howarth and Giedt 2017
{OJ Briceno et al.2017
[J Guoetal.2018

O_|_ See the recent review by
Bricefio, Dudek and Young

3
2
e
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Coupled channels

-------------

[J The cubic volume mixes different partial waves...

eg. Km— Kr | Kt 0 Feo  Fgp
Fro > (5 )+ (5 5

p

...as well as different flavor channels...

e,g, a =TT

' Ka—)a Ka—)b - Fa 0 L © e
] (5 5 D)0

Kooa Koo

0 Workflow...

Vary L and P to recover a

Reliably extract dense set of energies
finite-volume energies

Correlators with a large
operator basis

[000,Ay, ©0O O o O

(Qn (T)2],(0)) ~ e Fm{BIT WA 00 © o o

011],A;, ©O O ©O O o
had/spec

' » F,, (L)
|dentify a broad list of K-matrix parametrizations

polynomials EFT based dispersion — Perform gIObaI fits to the
finite-volume spectrum

and poles theory based

(0a(1)0}(0))




g, fO — i, KF? 1)
I9(J79) =07 (0")
2
,07;,03'|t7:j}
0.8}

0.6
04
02H

014 016 018 020 022 024

o o o o o o o @ o oo O o 00 co ©oo o 00O0OO
o © O o o o o o 000 O 00O o 00 O @0 o

0.2 m — KK
| o nn — T

0.14 0.16 0.18 020 022 024 =771

e Briceno et al., Phys.Rev. D 97 (2018) 5, 054513
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g, fO — T, KF? nn

0.06 - c(500)

0.04 -

@\ 002} & -
0 D-C.'é\\ Re(at\/g)
0.12 0.14 0.16 0.18

-0.02 |-

2 - Im(at

-0.04 |-

H
N
sl ) oy
]
:—‘\ ]
! |
I
-0.06 |- | _
| |

| hd |

e Briceno et al., Phys.Rev. D 97 (2018) 5, 054513

i
he
b



180 —————————mmmm e oo oo -

61/°
150 -
120 -
90 -
60 -
30+

fo - | o |
700 = % % 900 = 1100
\\9039 \\gd)y \%} \\0'39\} Ecm / MeV
/%L\ %L /%L\ %L\

 Wilson et al. Phys.Rev.Lett. 123 (2019) 4, 042002 -




kK, K* - K
IJ7) = 1/2(1)

m =Rey/so/MeV 391 Mev K~

880 900 920 . 940 060
I 327 MeV ‘o | Vio=934(2)MeV
> 10 V50 = (914(2) — £6(1)) MeV
g 284 MeV &5 |
E -20 V50 = (909(4) — 513(2)) MeV
@ o 239 MeV &' o0 (902(2) - 123(2)) MeV K*(892)
N
[
—
| -50 |-
140 MeV ; ot + UFD [50]
) ' VS0 = 893(1) — £56(2)

 Wilson et al. Phys.Rev.Lett. 123 (2019) 4, 042002 -

_‘



D? (2317) — DK
I(JY)=0(0")

my. = 239 MeV m, = 391 MeV
(ar k)? (ar k)?

| | | | 1 | | |
-0.003 -0.002 -0.001 : 0.001 0.002 0.003 -0.003 -0.002 -0.001 0.001 0.002 0.003

",O'.bZ -

-0.04
~[k]..--"
mm K = g%/ (m? - 5) -0.06
m /cotd = % + %rk2
= g7 /(m® — )+ ak cot &g aik cot dg

* Cheung et al. (Aug 14, 2020), 2008.06432 [hep-lat] -




T T T T T T T 1
SN BN BENN NN BN N N ..
™~

Ecm [GeV]

38 388 390 392

304

2 Im (E.n) [GeV]

0.010¢

0.005¢

0.000

-0.005¢

-0.010——

" -0.015

-0.010 -0.005 0.000

Re(Ecm) - 2mD [GeV]

* Prelovsek et al. (November 4, 2020), 2011.02542 [hep-lat] -

0.005




A(1232) — N
I(JY) =3/2(3/2T)

0ol . my=280 MeV
Y or—
™I
@ —
"é -
A= -02|—
g mA BW
S - — = 4.734(56), = 19.0(7.4),
o'|§ B [ Hg.P2=1,C-12 M (56) 9AN= (7.4)
al Hr?=3 F [lP*=3,F, (Mmrass) ™ = 0.00(10), (mras,)~> = 0.00(12),
- BFP=4g x?/d.of. = 4.17.
_0.6 ] | I | | | | I ! | | | | | | | | I | | | |
0.8 0.9 1 1.1 1.2
Ev:>m'mN
m,

e Andersen et al., Phys.Rev. D 97 (2018) 1, 014506 -

.
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