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2 — 2 analyticity

>’
For two-particle energies (2m)? < s < (4m)?, what is the analytic structure! @ L
) =0+ QO+ )‘l‘( —— propagtingpir
non-analytic:

on-shell particles = singularities

Qe 0= +

p(s ocz\/s— (2m)?

cutting rule
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Analyticity cutting rule
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Analyticity cutting rule
Qlic O = .
p(s)
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2 — 2 1in a finite volume

For two-particle energies (2m)? < s < (4m)?, what is the L dependence?

Defines the K matrix

[ oo - ll++lcll++] L

F

e Lischer (1986) ¢ Kim, Sachrajda, Sharpe (2005) « MTH, Sharpe (coupled channels, 2012)




Finite-volume cutting rule
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Comparison of cuts

p(s) F
V1 —4m?/s 1 / Ek] 1 Yk (k)
pls) =I-—0" P&, 2[L3Z R (2wi)2 E — 2w
No volume dependence Volume dependent

Both can be understood as matrices in £m, ¢'m’
proportional to the identity on- and off-diagonal elements

Exact difference between Approximate difference
i€ and PV between sum and PV




Pole prescription freedom
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Instead of this...

Kim, Sachrajda, Sharpe (2005) « MTH, Sharpe (2012) <« Bricefio, MTH, Walker-Loud (2015) <« Bricefio, MTH (2016)
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1+ 7 > 2
Cu(P) = C£(5) = 4 (5) s e T A
Useful, since... lim [E — En(L)]CL(P) X ‘<naL‘j|7T7L>|2

E—E, (L)

.« =P
CL(P\ = Sé X € *<‘K \TENTO) RS

hi -4 ‘
ESEML) (E-Ea(o) g ¢ (RITER e e itz_lm 2OAR, LT @3\x>QEt

=-L® A 3.0\ T SRS\

Crucial information = residue at the pole

B | E—-E L) 1
RIPL) = G £ Fe(P. L)L~ ()

Kim, Sachrajda, Sharpe (2005) « MTH, Sharpe (2012) <« Bricefio, MTH, Walker-Loud (2015) <« Bricefio, MTH (2016)




A is rank one

1 Az’e (8)

CL(P) — C(z)g(s) _A?S(S)M(S) —|—FZ€(P L)_l out

Crucial information = residue at the pole

RIBL = 8 M(s)7E+_1!’2&((1§,)L)—1 N u’(lE) vy
sl (e S VY
s E‘*EAU-\ E-EL) { 'M,,E)
- ,f"fes‘”‘

Kim, Sachrajda, Sharpe (2005) « MTH, Sharpe (2012) <« Bricefio, MTH, Walker-Loud (2015) <« Bricefio, MTH (2016)
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Putting it all together...

[ Finite-volume matrix element

CL(P) = / Az e P (2| T{T (2)7 (0)}|m) 1

Insert a complete set finite-volume of states

[J Infinite-volume matrix element

CL(P) = C%(s) = Al () A;

(
Url T ( )W in) R(E, P, L) (mm, out|.7(0)|7) )
F-Eg. E—E -

Kim, Sachrajda, Sharpe (2005) « MTH, Sharpe (2012) <« Bricefio, MTH, Walker-Loud (2015) <« Bricefio, MTH (2016)
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Transition amplitudes

1

V2M. L3 |(n, LI T(0)|7)| =
[{n, L|T(0)|m) NI

‘Va<0z, out]j(())\w)‘

E—FE,(L) 1 oIy

PL)= - , _
RIBL) = im0 + Fe(P L)L~ w(E)

a can run over angular momentum and flavor ( z7z, KK )
result really holds for any single incoming hadron, any local current
generalization of Lellouch-Luscher formalism for K — zx

application requires truncation in angular momentum space (as did LL formalism)
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Ky = O s« o L > N

o
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Transition amplitudes

V2ML|(n, LT (0)|m)| =
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Bricefio et. al., Phys. Rev. D93, 114508 (2016)
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Alexandrou et. al., Phys. Rev. D98, 074502 (2018)
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Same idea, many contexts

Kaon deca — @ ——>/
y (mm, out|H|K) _C \b
Implementation by RBC/UKQCD collaboration
Lellouch, Liischer (2001) < Kim, Sachrajda, Sharpe (2005) ¢ Christ, Kim, Yamazaki (2005)

Time-like form factors (7, Out|j,u|0> = ’VVV\,<:6
Relevant for muon HVP contribution to muon g-2 L
Meyer (2011)
,.::‘fz"
e KmouiZuslB) = (@@

(NTout| T, |N) = g,_—~¥

e e

Particles with spin

Agadjanov et al. (2014) « Briceio, MTH, Walker-Loud (2015) < Bricefio, MTH (2016)
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Really the same? .
Kaon deca — @ =
y (m, out|H|K) _6——>\ ,

Implementation by RBC/UKQCD collaboration
Lellouch, Liischer (2001) < Kim, Sachrajda, Sharpe (2005) ¢ Christ, Kim, Yamazaki (2005)

L/

8¢ . Ddo me\° o
Al =8 -k R M
A ™198q ok [, \F, | M|
W W
T(K — ) = Ae'% (2.4)

with A real and §p the S-wave scattering phase shift of the outgoing pion state. The
decay rate is then given by the usual expression

r

k'rr 2 _
= fore Ml ko= L /m2 — 4m2, (2.5)

proportional to the pion momentum k, in the centre-of-mass frame.
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Relation to Lellouch-Liischer
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Relation to Lellouch-Liischer

ATE? . o o5
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Lellouch, Liischer (2001) ¢ Kim, Sachrajda, Sharpe (2005) < Christ, Kim, Yamazaki (2005)




Angular momentum contamination

Even K — 7z gets corrections from higher angular momenta

A(E,(L), L) = R(En(L), L)e—m]e;x:4 — R(En(L), L)g_mi(:g

R(En(L),L),"

max:4

Present this as
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MTH, T. Peterken to appear
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D decays as a frontier

infinite-volume
scattering amplitudes

-\ -
<
) >< . know field theoretic relation,
® L exact up to e~ MnL
T — KK

finite-volume energies

1200 -

1000+

E (Me

\ TTTT like

800 -

|||||||||||||||||||||||

e
« MTH, Sharpe, Phys.Rev. D86 (2012) 016007

n, L) = "™ (L) |nr, out) + ¢ (L) KK, out)
path to physical amplitude

A’W‘
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Form-factor of a stable resonance

2 2
02 04 0.6 0.8 10 Q°/GeV
i GM(QZ) i Py
20 000] o =
| m, ~ 700 MeV 100) o =
: & 110 & =
1'5_: . 111 v =
A Al e
— | 200] o =
& 10k, Gel@QF) v %
S ° :
Q | =
O O.S-E A ] . ) )
0
: <58 g “ ° ’
0.5} 5 ¢
- Go(Q?)
‘ 0 0.01 0.02 0.03 0.04 005 a; Q°

e Shultz, Dudek, and Edwards (2015)
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24+ F > 2

[J Fully developed formalism for multi-hadron form factors

P
(w7, out| T, |, in) = 5/’ ‘*
T o \‘@

[ Continuation to the pole = resonance form factors

[J Must carefully treat triangle singularities

=
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<
» 2. i .
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Bricenio, MTH (2017) < Baroni, Briceno, MTH, Ortega-Gama (2018) <« Bricefio, MTH, Jackura (2020)




Technical summary of the result i éi
Wy, = X+
[ Define the amplitude e > Watipn -

Wi, (Pry k' Py k) = (Pr k' 0ut| Ty, (0)| Py k3 D) conn., -

[J Define a pole-free version

— )
Wittt = Wisoun — iIM(Py, K F)

(P — k)2 — g e

[J Define a finite-volume version with the triangle corrected

“g.~~ “g.'~
v ~ -
N .’
N g
. L4

[0 Relate this to a finite-volume matrix element

= 5Tt |R(P)Wi i (Py, Py, LYR(Pp)Wi 4" (Py, Py, L)|

2
(Pf,L|._7u1"'““(O)|PZ-,L>‘ — 76

Bricenio, MTH (2017) < Baroni, Briceno, MTH, Ortega-Gama (2018) <« Bricefio, MTH, Jackura (2020)




Visualizing G

4.0 P, = [000] [+0.10,+0.15]
. - Pl
mL = 6 ’ —0.051
o = [00;00] [—0.05, —¢]
35 — R
U —y
*
_f30 2.20 1 0,054 —
m
2.15 1 —0.15 1
29 2.10 1
_______________ —0.05 - '
2.051-
2.0 —0.15
2.00 - ;
2.0 2.5 3.0 3.5 2.00 2.05 2.10 2.15 2.20 2.25 2.0 2.1

EY/m

1

Bricenio, MTH (2017) < Baroni, Briceno, MTH, Ortega-Gama (2018) <« Bricefio, MTH, Jackura (2020)
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More complicated work flow

- 2 s 3
“““ T— [ Lascher J
:,‘- wnnn -; -------- -f E forma]ism ‘
finite-volume : ‘ 5 ) partial wave .\
spectrum . """" amplitudes ./
o
\ .
4 ( Y (
finite-volume .\ o
tWo-to-two | 2+ j — 2 two-hadron
matrix elements amplitudes / ° form factors
- - J (.
' )
finite-volume : 1+ —1 o—_
O?Q'?Ody : ; > amplitudes and
matrix elements : up to O(e~™L) form factors PY
\ VNesnnnnnnnnnns -~ correc tions . )

Bricenio, MTH (2017) < Baroni, Briceno, MTH, Ortega-Gama (2018) <« Bricefio, MTH, Jackura (2020)
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Five-day outline
0 Woatch Raul’s talk at lattice 202 1!

Four-point functions

Physical long-range processes: I ~ J dt e'®' (n| F5 () F1(0) | 1) o,

Naive guess: I ~ J dve®® (ny| 5 ((2) £10) |

-0

Hidden dragons [)]:
[ The integral doesn’t always converge!

[] The divergences are volume dependent!

N * E.=E
[ dT erT (nfl jZ,E(T) jl(O) | nl)L ~ J dT e(q0+Ef—En)r (nfl jZ’E(O) In)L q0+ f—"n 00

—00

h 1
associated with intermediate
states going on-shell
R

Christ et al. (2015) < Briceno, Davoudi, MTH, Schindler, Baroni (2019)
https://indico.cern.ch/event/1006302/contributions/4373256/
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