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Cytoskeleton polymers: microtubules + actin

Cytoskeleton
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Actin monomers and filaments
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1.1. The actin cytoskeleton 3

In Figure 1.1 we have highlighted some of the key processes F-actin can undergo
by its interaction with accessory proteins, these are described below.

Figure 1.1: Cartoon highlighting some of the processes F-actin can
undergo. F-actin filaments are made up of G-actin molecules (indi-
vidual yellow shapes), that come together to nucleate a filament (top
right) and then are added onto filaments to elongate them (polymer-
isation, bottom). G-actin molecules can fall off at filament ends (de-
polymerisation, right). Capping proteins (green shapes) can block
filament ends from undergoing polymerisation and depolymerisation,
and can bind (capping) and unbind (uncapping) to/from filament ends
(top right, bottom respectively. Branches can be nucleated from the
Arp2/3 complex (purple shape) that binds to the sides of F-actin fil-
aments. Branches can disconnect from their mother, producing a free
filament (debranching, middle). F-actin filaments can be broken, in a
process called severing (top left), mediated by certain proteins such as

ADF/cofilin (blue shape).

Arguably the most striking process F-actin can undergo is branching. This involves
a complex of several proteins called Arp2/3 complex. Arp2/3 complex must first be
activated by being bound by a nucleation promotion factor (NPF). Many NPFs exist
and include Wiskott-Aldrich Syndrome Protein (WASP) and Las17 (which we cover
in Chapter 3). Arp2/3 complex then binds to one (or possible two) G-actin monomers
[10–12] before binding to the side of a pre-existing F-actin filament [13]. The language
of ‘mother filament’ and ‘daughter filament’ is used when referring to the pre-existing
filament and the branch respectively. G-actin monomers can then polymerise onto
the barbed end of this seed. The pointed end of the branch cannot polymerise or
depolymerise, it is ‘capped’ (which we will cover later). Due to the orientation of
Arp2/3 complex once attached to F-actin, the branch always grows at an angle of
⇠70� from the filament it is bound to [10, 14]. Since branches are simply F-actin
filaments bound to the side of other F-actin filaments, impressive branched networks
can quickly form in this dendritic way. Branches are ‘metastable’ and therefore can

Actin binding proteins



Actin polymerisation: analytical calculations

• free monomers c1 , polymerised cp , filaments cf
• (de)polymerisation rate kd, kp
• nucleation rate kn and order 𝛽
• Neglect dissociation of filaments
• Coupled nonlinear differential equations solved 

numerically

3.3. Differential equations 63

• Flurophores can ‘fall off’ actin and speckle the frame. This makes analysis
difficult as it is sometimes impossible to determine what is a short filament and
what is loose flurophore.

• Untethered polymerised filaments can fall into the field of view from above.

• Filaments often cross which increases difficulty in analysing elongation rates
with automatic techniques.

• In general it can be time consuming to measure quantitative data such as elong-
ation or nucleation of filaments.

• Although the image quality is generally high, TIRFM is still a diffraction limited
technique. Tens of actin filaments could be aligned together and still appear as
a single filament.

• As mentioned above there is a time delay in taking the first measurement which
is unavoidable just as in the pyrene system.

Just as with the pyrene system, some of these issues we will address in our analysis
(section 3.5.2). Other issues are dealt with by using the pyrene and TIRFM systems
together. TIRFM’s main advantage over pyrene assays is the availability of visual
information on a individual filament level. For example we can get the number of
filaments and the lengths of filaments directly through the images. However, image
analysis proves difficult and time consuming.

The pyrene system’s main advantages over TIRFM include that the more direct
quantitative measurement of fluorescence intensity is much easier to analyse. Several
concentrations of actin and actin with other proteins can be run all at the same time
on the fluorimeter, making data acquisition much quicker than TIRFM.

3.3 Differential equations

To help understand actin dynamics in our three systems we developed a mathematical
model where the actin system is described by a set of coupled differential equations.

3.3.1 ‘Actin only’ and ‘Actin and Las17’

We treat the ‘Actin only’ and the ‘Actin and Las17’ systems as the same in terms of the
equations used to describe them. In both systems there is no nucleation of branched
actin, all F-actin filaments should be linear filaments. We assume that all nucleation
in the ‘Actin and Las17’ system is due to Las17 nucleation alone1. When comparing
the two systems we expect the parameters describing nucleation, polymerisation and
depolymerisation to change.

The coupled differential equations are presented below. They describe the change
in the number of G-actin monomers, F-actin monomers and F-actin filaments.

ċ1 = kdcf � kpc1cf � �knc
�
1 , (3.1)

ċp = �kdcf + kpc1cf + �knc
�
1 = �ċ1, (3.2)

1
Depending on the actin concentration used, there is 6.5 - 31⇥ as many actin monomers than

Las17 molecules (see experimental details for concentrations used in section 3.6.1). However, there

obviously will be less number of filaments than actin monomers at any given time. Las17 is therefore

assumed to be in excess and nucleation assumed to be dominated by the Las17 mediated pathway,

but perhaps more investigation is required (see later in section 3.8).
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ċf = knc
�
1 . (3.3)

The dot notation is used to indicate derivatives with respect to time, i.e. ċ = dc
dt .

c1 is the concentration of G-actin monomers in the system, cp is the concentration of
F-actin monomers in the system, cf is the concentration of filaments in the system.
kd is the depolymerisation rate per F-actin filament concentration and is the sum of
depolymerisation at both barbed and pointed ends. kp is the polymerisation rate per
G-actin concentration per F-actin filament concentration, again for both ends. kn is
the nucleation rate per G-actin concentration to the power of �, which is the size of
the smallest actin filament in actin monomers. The smallest actin filament can also
be called a nucleation ‘seed’. In our simulation model described in chapter 2 and from
the literature, this is always assumed to be equal to three. However some previous
work, while accepting that the size of the ‘seed’ is three monomers, suggested through
curve fitting that the power to which the nucleation scales with G-actin concentration
is two [91]. We assume that the size of the ‘seed’ in number of monomers should be
equal to the scaling of nucleation, as shown in the equations. This is because � G-
actin molecules must come together quickly to form a ‘seed’. The number of collisions
should scale with the number of molecules required to come together to form a ‘seed’.
Due to this disagreement in the literature between scaling and size, we therefore took
the opportunity to investigate the value of �.

We have used the units of concentration to describe the amount of actin in the de-
scription above. However we could also use these equations with number of molecules
instead by using the appropriate conversion. For example c1 would then represent
the number of G-actin molecules, cf the number of F-actin filaments, kp would be
the polymerisation rate per number of G-actin per filament. Polymerisation rates are
typically given in units of per concentration of G-actin per filament or per concentra-
tion of G-actin per filament end. Conversion will therefore be necessary to compare
with literature values. This will be covered later in section 3.6.2.6.

In section 3.2.1 we covered how pyrene G-actin does produce some fluorescence,
and that it has been reported to be around a tenth of pyrene F-actin. Therefore,
to compare our differential equations with what is measured in the pyrene assays
experiment we output the following

cm = cp + ac1, (3.4)

where cm is the concentration of what is measured in a pyrene assays experiment:
the concentration of F-actin monomers plus the concentration of G-actin monomers
multiplied by the fraction of G-actin to F-actin fluorescence, a.

Initial conditions are
c1(0) = c0, (3.5)

cp(0) = cf (0) = 0, (3.6)

and therefore
cm(0) = ac0. (3.7)

Here c0 is the initial concentration of G-actin. So here we are assuming that all the
actin in the system initially is in monomeric form, there are no filaments initially.

We assume no dissociation of filaments. To include dissociation of filaments using
a model of this form would require effectively infinite equations to monitor the lengths
of filaments. However we also argue assuming no dissociation is valid for our systems.
These equations will be used to model actin polymerisation in the pyrene system, an
example was shown in Figure 3.1. There will be some dissociation of filaments in the



Fit to pyrene assay polymerisation experiments
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Actin polymerisation TIRF & simulation

Brownian Dynamics
& Monte Carlo methods

Including: Nucleation, Diffusion, Polymerisation, Bending & Tethering
Can also include branching (Arp2/3), capping etc



Actin polymerisation pyrene assay & simulation

Unpublished data



Branching (with Arp2/3)
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(a) (b)

(c) (d)

Figure 3.14: ‘Actin, Las17 and Arp2/3’
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Polymerisation generating a force
Brownian ratchet model

actin
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Simulation of actin polymerisation pushing
Brownian ratchet mechanism



Phagocytosis
Cryptococcus ingested by macrophage



Phagocytosis simulations



Relate to continuum hydrodynamic models
Kruse et al,…

• Extensile active gel model i.e.

• Growing filaments exert extensile stress 
on network

• Nematic or polar?

σαβ = 2ηuαβ +
ν

2
(pαhβ + pβhα) −

1

2
(pαhβ − pβhα) − ζ∆µ(pαpβ −

δαβ

2
)

d
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⇣ > 0

viscous stress distortion stress active stress



Relate to flocking models 
Vicsek, Toner&Tu,…

• Self propelled particles

• Growing filaments polymerisation velocity
• Nematic or polar?

• Treadmilling vs filament growth

diffusion advection by self 
propulsion velocity 
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@t⇢ = Dr2⇢�r · (v⇢)
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Boundaries matter

• Source term for fluid flow
• Pushing against barriers
• Retrograde flow/protrusions at cell boundary



Conclusions & future work
• Polymerising actin networks are an example 

of growing active matter
• Simulations reproduce Brownian ratchet 

mechanism for force generation

• Continuum modelling of growing actin 
networks including extensivity and self 
propulsion 



Title "Growing actin networks”
Abstract:
When driven out of equilibrium by the consumption of biochemical 
energy, cytoskeletal protein filaments alone and in combination with 
molecular motors are able to generate sufficient forces to deform and 
move cells. In particular the protein actin can polymerise into 
filamentous networks. Continued growth of actin filaments contributes 
to cell motility and deformation.
First I will discuss our work on polymerising branched actin, comparing 
in vitro data with simulations and analytical calculations. Then I will 
present stochastic simulations of polymerising branched actin exerting 
force to deform a model membrane in the context of phagocytosis, 
which is a process by which immune cells engulf pathogens.
I will conclude with some discussion of potential universal 
characteristics and general principles of growing active matter from the 
perspective of growing actin networks.


