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The Past

Thermodynamic Equilibrium:
 Future, past and present are indistinguishable 

Life is divided into three periods: that which has been, 
that which is, that which will be. 

Seneca the Younger
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The 2nd Law of Thermodynamics

 Clausius inequality 
(1865)
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The (improved) 2nd Law of Thermodynamics

 Clausius inequality 
(1865)
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Entropy sometimes 
goes down!  

Experiments (c2000): unfolding of RNA hairpins.  
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Feedback Fluctuation Theorems (c2010)
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Demon-system information

Sagawa & Ueda (2008) (2010)
Horowitz & Vaikuntanathan (2010)
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The Present

9

Of these the present is fleeting, 
the future is doubtful, 

the past is certain.
Seneca the Younger
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What have we learned?

• Exact, general relations for driven systems, far-from-equilibrium

• Fluctuations matter
• Trajectories primary objects (rather than states)

• Entropy change breaks time reversal symmetry, quantitatively.

• Relevant at small dissipation (<10s kT)

• Coupled systems: Information flow is as important as work and 
heat flow.

10
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Where are we useful?
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Free energies of 
unfolding
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The Future

12

It's tough to make predictions, especially about the future.
Yogi Berra
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ATP synthase

What are the fundamental operational principles of 
molecular machines?

Free Energy ATP = 20 kT 
                           = 0.5 eV

13

1 kT = 25 meV

= 2.5 kJ/mol

proton gradient

mechanical energy

chemical energy

information 
processing

“info-engine”
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nano-scale 
engineering

Integration and Simulation

Systems Level

(Photons in, fuel out) 

Nanoscale building blocks:

A kinetic network of inter-

connected units.
Nano photovoltaic

H2

Catalyst

O2

Catalyst

h!

Atomic modeling of building

blocks

Multi Scale Simulation

O2

Catalyst

H2

Catalyst

Optimize building blocks (here photovoltaic) of integrated solar-to-fuel system

Berend Smit & Gavin Crooks

low energy
computation
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(1) The Measurement Problem

• Example: Hanata-Sasa Relation

 Fluctuation theorem for transitions between steady states.

 Total heat = Housekeeping heat + Excess Heat

15
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“Three detailed fluctuation theorems”
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(1) The problem of measuring entropy out-of-equilibrium

16

1 kT = 25 meV
= 2.5 kJ/mol     
= 0.6 kcal/mol

1 natural unit of entropy 
equivalent to 

1 kT of thermal energy

T :  Temperature (ambient 300K)
k  :  Boltzmann’s constant

S = �
X

i

pi ln pi
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Thermodynamic
Equilibrium

Statistical 
mechanics

(c1900)

Near
equilibrium

Linear 
Response

(1950s)

Far from 
equilibrium

Fluctuation
 theorems,
Jarzynski 
equality

(1990s)

Not-so-near
equilibrium?

Almost-linear
response?

(<2034?)

(2) Not-so-near equilibrium statistical dynamics?
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Near-equilibrium measurements of free energy

18

• Practical method for measuring free energies in near-equilibrium regime. 
Applicable to existing single-molecule experiments
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(3) Optimization principles

• How does one design a machine to: 

 minimize dissipation?

 maximize rate (or power)?

 maximize fidelity?

 rate / dissipation / fidelity tradeoff?

• What are the optimal principles 
relevant to operation of biological 
molecular machines?

19

ATP synthase
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Minimum dissipation protocols

20

zero u̇!tf"#C!=0. Due to the second time derivative in the
equation of motion, such jumps in the velocity, which require
delta functions in the acceleration, imply a delta-type singu-
larity in the protocol. Specifically, in Eq. !7", the jumps in u̇
imply a ! function for ü and hence a ! function in "!t". The
optimal protocol $Eq. !14"% thus becomes

"!!t" = " f
kt/# + 1
ktf/# + 2

+
m" f

2# + ktf
$!!t" − !!t − tf"% , !16"

as shown in Fig. 1. In the overdamped limit, m→0, the delta
peaks vanish.

B. Physical origin of singularities in the optimal
protocol

The benefit of having jumps in the optimal protocol can
be understood intuitively as follows. From the perspective of
minimal dissipation, it is obvious that the particle should be
dragged at a constant !mean" velocity from the beginning
rather than being accelerated during a finite time. This initial
jump in the velocity of the particle can only be achieved by
a finite initial difference "!0"−u!0", corresponding to a jump
in " at t=0. In the present underdamped regime, a velocity
jump corresponds to a jump in the !mean" particle momen-
tum which can only be achieved by a delta peak in the force,
corresponding to a delta peak in the protocol.

The final jump is harder to grasp intuitively. In fact, it
stems from focusing on the minimal work rather than on the

minimal !mean" dissipation !or entropy production". If we
had searched for the minimal entropy production !as defined
in Ref. 8", we would have found an optimal protocol without
a final jump. In the present minimization, at the final time tf,
the particle is still in nonequilibrium with respect to the final
potential V!x ,"!tf"". Relaxation to equilibrium leads to fur-
ther dissipation after time tf which has, however, already
been paid for by the total work since at constant ", no work
is exerted anymore. A smaller final particle position u!tf"
leads to a longer relaxation time which can decrease the total
dissipation of the combined process !nonequilibrium transi-
tion and relaxation".

The final delta peak corresponds to setting the final ve-
locity to zero. This decreases the kinetic energy of the par-
ticle and thus is beneficial for a small work. It also explains
the surprising fact that, according to Eq. !13", we do not have
to pay any extra cost for having inertia. During the initial
singularity, the exerted work is stored in the !mean" kinetic
energy of the particle. This contribution is fully recovered
during the final singularity where the kinetic energy of the
particle is set back to the equilibrium value.

C. Comparison to a linear protocol

Without prior knowledge, one might have expected a
continuous linear protocol,

"lin!t" # " ft/tf , !17"

to yield the lowest work. In the overdamped limit, the work
for a linear protocol was at most 14% larger than for the
optimal protocol. We now check how much smaller the value
of the optimal work W! is compared to a linear protocol if we
include inertia. First, we rescale the system in order to com-
pactly write the relevant combination of parameters. With the
rescaled mass m̃#mk /#2, the energy scale e#k" f

2, and a
rescaled time t̃# tfk /#, the work can be written as W
=eW̃!t̃ , m̃", with the optimal work W!=e / !2+ t̃".

Solving the second order differential equation of motion
!7" using the linear protocol "lin!t", we find the ratio

Wlin

W! = & 2 + t̃

t̃2
!$0 + t̃ − e− t̃

2m̃$$0 cosh!%t̃" + $1 sinh!%t̃"%" m̃ &
1
4

2 + t̃

t̃2
!$0 + t̃ − e− t̃

2m̃$$0 cos!%t̃" + $1 sin!%t̃"%" m̃ '
1
4
' !18"

with

% =
()4m̃ − 1)

2m̃
!19"

and

$0 = m̃ − 1, $1 =
3m̃ − 1

2m̃%
. !20"

In Fig. 2, we plot the ratio Wlin /W! as a function of rescaled
time t̃ and mass m̃. This result shows that the optimal proto-
col significantly reduces the work spent in the process com-
pared to a linear protocol.

FIG. 1. Scheme of the optimal mean position u!!t" and protocol "!!t".

024114-3 Minimal work processes J. Chem. Phys. 129, 024114 !2008"

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp

Schmiedl & Seifert PRL (2007)
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Hyperbolic geometry

21

Geometry of  thermodynamic control

• Finite time thermodynamics with linear response friction tensor 
• Riemannian metric, minimum dissipation paths are geodesics

imposed by protocol Λ
Pex
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nonequilibrium 
excess power

linear response
friction tensor

Sivak & Crooks,  Phys. Rev. Lett., 2012
Zulkowski, Sivak, Crooks & DeWeese Phys. Rev. E 2012
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The future: Summary

• What are the fundamental operational principles                         
of molecular scale machines?

 (1) How do we measure entropy (and probabilities) away    
         from thermodynamics equilibrium
(2) Not-so-near equilibrium, almost linear response?
(3) Optimization principles
              rate / dissipation / fidelity tradeoff?
              minimum dissipation protocols 

22

Time flies like an arrow; Fruit flies like a banana Groucho Marks




